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EXPLANATION

These notes are the notes that I would generally
write on the board or on an overhead projector to
teach the material in the course. Since I generally
know what I plan to write beforehand, I have written
it down beforehand so that you do not have to take
the notes. You can follow along in class with focus
on what is to be learned with the notes taken for you.






WHY PENCIL AND BIG PRINT?

To “make it plain” (Hab 2:2). It is my desire to make the
things taught to be easily mentally digestible. There are some
wonderful meals fixed with love for me by my wife that are so
blessed and digestible that I joke that the stomach can be by-passed
and the food just be put into me intravenously! This book is
intended to be like that for the mind...immediately absorbed by the
mind.

This all began when I was teaching a class with computer
generated notes. I then switched to pencil and big print. The
response was unanimous; they liked the pencil and big print notes
much better. It was said that when they did their homework, they
had to recopy the computer generated notes to understand better,
but with the pencil and big print notes they did not have to recopy
them to understand.

A secondary reason for pencil and big print is that many texts
are encyclopedic...containing far more information than can and
needs to be consumed to know calculus excellently. So I go for the
jugular and put in no more and no less than is needed to thrive
mathematically.

You are seeing the note-taking style that served me well in
getting a math Ph.D. and beyond.

Another reason I use pencil and big print is that I believe
there is an anointing of clarity that comes with these notes and it is
known that the “anointing teaches you” (1 Jn 2:27).

Rather than this being a second rate, antiquated learning
system, I am giving you absolutely the best I know for you to learn
with wisdom and joy. Drink it in. |

Austin French
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CALCULATORS AND COMPUTERS

If technology helps you, use it; if it does not help you, then
use something that will help. That sentence could free many a folk
from being duty bound to a computer or calculator. It can free
them from a sense of shame for not being interested or excited
about spending a great deal of time using a calculator or computer.
It has been my experience that those students that feel like they just
have to have a calculator are not the clearest math seers. They
have a nervous dependency about them that works against their
seeing math clearly and learning math peacefully in wisdom.

It is fine for you to use a calculator for this course. However,
you must realize that I am teaching you mathematics, not computer
science or calculator science. I am bringing forth a pure, clear
math realm that excites me. I do not fret whether I am making it
interesting or not. [ do my part to make it clear, to make it plain.
The beauty of the subject matter will draw and interest those
hungry to see math clearly.

I teach what excites me in a way that excites me. I have
found that the material [ teach, in the way I teach it, prepares
people excellently for other math courses even to Ph.D. work in
mathematics.

Do not fret that your education is being slighted by the
calculator not being magnified. In fact, [ have found that the time
spent in calculator magnification automatically causes some topics
to be slighted or left out that aré very important for calculus
understanding.

New and newer models of calculators will come and go.
What I am teaching is calculator model independent. Due to its
nature, this course abides in a state of freshness and clarity.
Discern carefully what you drink in educationally. Avoid image
with little or no reality. Embrace wise, diligent study of substance
rather than fluff.
' Austin French
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LUNDERSTHND\N(: DEFIVIT oS |

R DEFIMITIONS @ CLERRY EXACTLY
DESCRIBE THE CoMCEPT, NO MoRE
ND LESS

B . ALL DEFINITIONS "IE AND OMLY [ °
|2 |F AND ONLY LF DoZEN

C A DEFWNITION WRITES\SPEAKS THE
CONCEPT INTO EXISTENCE (N THE COURSE
(DEE (v iTIoN)

D. EXAMPLE = p 15 A QUALDM  IF AND
—
ONLY H:'P 1s A POSITWE INTEGER
GREATER THAN 7/ N
£ THWEOREM: (Forlows FRom A DEF/NtTlOM)--
Every QUALOM 15 GREATER THAN 5
F THERE IS ONLYN ONE DEEIN [TIoN For
A CoNCEPT IN A COURSE ... THE EXACT
WORDING WHEN ORIGWALLY DEF/NEY
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FALL UNDER THE THEOREM NAME
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fMERCLFuL ALGEBRA REvieW |

A.DEFINLITION * A Founvction 15 A
SET OF ORDERED PAIRS SwucH THAT
NO TwWo ORDERED PAIRS HAVE THE

SAME FIRST TERM |
%f-—’ § C/,ﬂ,(%?), (‘f, &\)f FONCTLO N
\(\:2(/,;\)(5,3)) 017)5 NoT A

tOMCTlON

B. DEFWITIONY 5 15 A FUNCTION

S(x) reap " oF =" s THE
SECOND TERM OF THE ORDERED
PAIR IN § WHOSE FIRST TERM
1S X f

S=3(La),(53), (42§
Say=a2  $6)=3

NoTE %C(\:Q\ I FE (/;9353(2

( [FE MEANS LF AND ONLY [F )
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C. EQUAT/ONS DEFINE FUNCTIOAS

3 = x*+ax + | DeFwes §
K INDEPENDEVT VARIAB(E
(3T TERMS |
DE;E’\)DEI\/T VARIABLC
o TERMS
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S(3)= 3aG) ) = (L
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= MQapt PR At dp+
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TERMS oF <
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THE ST 0F ALL VALUES FoR
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(. LooKING AT A GRAPH AND |
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LIME INTERSECTS Tu) (C E
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(5-3)
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TRIE REVIEW
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l'WE Now BEGIN CALcuLus, |

INT ULTIVELY
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A, LimiT oF A FUNCTION § AT @
XK= Q
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K>3
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C. INTUNT\WELY FIUD THE L ImMIT For

FUNCTIONS DEFINED BY AN

EQUATION —
D FB—IRE,CI

NTEURSTITUTION

[ &\W\ d-t =2 | EXAMPLE

X-> 3 -
; —7 T /
x | ©w | Ax-Y
3,0/ Q.04 2.99 (.98
3.00] Q.00 2 2.999 [1.99¢
' 3.000| 9\(0001‘/ Q,qqq?l . 99499

NOTE - RAPPROACH 3¥ROM EITHER SIDE

—”‘_____—-V

Nou GET CLOSER AND CLOSER To A .

NOTE * THE LIMIT IN THIS QAQE
Could HAVE BEEN CACLCULATED
BRY SubBSTITUTING 3 N FOR K«

Q(3)= 2(3)-Y = (a—‘f’:@

THE SUBSITUTION SusT WORKED
N THIS CASE o WHAT DETERMINES
THE VALUE OF THE LImMIT ARE
THE VALUES OF S&) ON EITHER
<|pe ©f 3.
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J [ALGEBRA, THEN
e BSTI 0
5, FIND 0&? — | EXAMPLE

&\h‘,\ x2=9 =Q\M (e +3)(x-3)
- =23 X -3
*=23 I P

KECP THE LIMITS WHEN
STRING (NG OUT EQRUALITIES

UNTIL EVALUATED

— &\N\ X+3 —/—— 3t3 = 4
X2 7 SUBSTITUTE
3 FOR X

NOoTE > Yo CoulD NOT SUBSTITUTE
IMME DIATELY | BUT You Could DD
ALGEBRA AND SuBsSTITUTE I3 FORY,
HowEVER THE SLLBSTlTMTIO/\J JuwsT

LORKED [N THIS CASE. WHAT
DETERMINES THE VALUE OF THE

LimiT ARE THE VALVES OF S(x)
ON EITHER SIDE OF 3. |




5} . An ¥ _ No SuBsTITUTION
&\W\ =1 EXAMPLE

K-> D .

NOWL QRNNQT SQUBSTITUTE O foRrR
X . FoR INTULlTION, SUBSTITUTE

VALUES CLoSE TO O FERom
EITHER SIDE, UsE A CRLCULATOR .

THE REQULT GETS CLOSER
AND CLOSER TO _’L

D HOWEVER, SoME FUNCTIONS

Q\W\ g‘@«j Does NoT EXIST
X2 G |

| PICTURES

Qi $¢) Does NOT ExIST
TEXN
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_Q\m 3CO<) Does NOT EXiaT (Coxﬁ)
x> A

A ;&w& Pﬁ,{ DoES MOT EXIST

?C"3 0 7( IPOS[
X[ - K
FR 220 —mm=X"= [
kX
B NES [ T
R X <K — & T -
Fo — = l

E. RD\/F\MCED ALBEBRA EXAMPLE,

1 - ,

FIND &\ x+i'5 5
X206 KL

H 425 =5 )(m £5)

B HO (A aMas +6)
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LEFT AND RIGHT-HAVD LIMATS
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x>0
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S(—. DOES lev\?oc) EXZST? =

NES, VQW\ ?o« &\ /,2:‘;
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xQ\W\ "Y\Lx -l—@<f5 AND Q,wv\ 'FCX) Jr
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L. FINDING  [VEIV ITE LiMITS [ Lim fogstoa)

Xx-sat
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00
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RIGOROUS DEFEIN|T oA |
OF LIm|T |

\

A. @oze FROM [NTUWITION To RLGoOA -

/ TN {(}Q\;L_ INTULVTLVELY MEANS
B SN |

300 GETS, & STAYS, RS CLOSE D [ 45 you L (kr

BY QR005(NG X SUFFICLENTLY CLoSE
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4. BUT CLOSE MEANS LIHAT 7 -,—'5)7%5),,..?
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| £\ - ,_[ L& BY CROOSING X SUFE(CIENTLY
ctose To & (BUT X#a) FRom E1THeR
SIDE 6F a
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7
CLOSE 7 sizozisesr- © Njp.., 1T MEANS



43 |
. For cAcH E>0, THERE |5 A $ 5o
SUCH THAT Foe EP\CH xecQ@w\(f)

IF X 15 wiTHVN  § oF a (BuT x4a)
FROM EITHER SIDE OF & = THewN

| $o0 = L 1< 2
.7\ RE(JJRlTT’EI‘J' For E.AC[‘ d >D TH/:—/QE [S
A ©>0 Sucd THAT For EAcH %Ecﬁom(—@
[ E 0<,7¢ Q\(S THEN /'FO(-{_,\AE

. R\GoRoUS DEFIMITION OF LIMI(T wilL
foLLow . MoRE WILL BE ADDEDY TO INSURE X
CAN BE PICKED OM EITHER S(DE OF Q.

‘_] RIGOROUS DEFIN ITLON oF VQLW\%Q |_:
X2 a |

§ s DeEFvED ON S0ME OPEN (NTERVAL
ConNTAWING O | EXCEPT AT PosSIBLY
0. TSEeELE

AN D
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THAT FoR ALL % € a/mv\("?)

\ (Eoclr-al< & THEN | g4 h\4g

KNow TH(S DEF (N (TIO
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C. PICTURES To SEE THE DEF M ITIoN

[. CLAI™

&\W\ go(\: 3

K3 A

X TRE OPPovENT CHoosEs
“SEEIF You cAn cET | ¢

| Fe0-3|cs
~£<Y)-3< €
3¢ < S;m)<3ti

> 3-¢

34

£>0 AND SAYS
Xy — 3[(5

PO e ey e o

3. Mo MEDLTATE, Do SCRATCH WORK
RECEWE WisboM AND RESPOND

Wt N LeT $ Bs ‘IH(S N
4& [

4 THEN

|F

| G & X & ALY
3-€ < YX) < B+¢



thif

RECALL 5 g . xca+s
-5 <« K-2<L 8
| [x-2[< %

3-8 <tx) <« T+e
-2 <« §()-3 <&
(Q&)"Bki

50 UF p< [H-2/< § [ THEN /'F(K)—*B[(Z

D RIQOROWS PROOE STEPS To PROVE

Lo~ Foxy=s Ly

R AN

| ASSUME £ >0 {sHow THERE 14 A Svo
Suck TRAT For ALL x¢ dom( ),
IFo<|t—al ¢, THeN | S - L [4&)
AETER MED (TATION ) SCRATCH woRr K | AMD
RECEWING ILLUMIMATION | VAME G

2 LET = ____ ( SHow For ALL X€ &m@

IFo<|t-a|<d, THEN | o)~ L | < 5) |
3. Assume x € dom&) AD g<[z-a|<§
(sHow [§e9- L] < e)

~



Hs

E. GWE A RIGOR OuS PROOE THAT th 3x-7=%
>S5

TT 15 GLVEN THAT Six)s 2%-7 1S

DEE(NED ON AN OPEN [NTERVAL
CONTAINING 5 EXCEPT PossiblN AT 5 ITSELF

| ASSUME & >0 (SHOUJ THERE /5 A B3>0
suct THAT For AL X € dom(y) |
F oclx-5] <5, THEW [ (3%-) -8 e )

MEDITATION | SCRATCH (woRK
LLlum v NTON ... MoT PART ’
ofF THE ?PROOF

| (3x-7)-8|<¢
| (3x-15) | ¢ ¢

| 3¢x-5) | <€
13 [x-sl £ ¢

3 |x-sl <€

{5t <]
%5450

| J
¢ | . _,
2. LET > ~-3~—>0 (5 How For ALL X& A),ome;)}

Fod 1-5[<§ THEN [(32-7)-8] ¢g>




4
3 hssume o< |x-5[<3 (SHow
g fom(5) | B-7) -3 / ce)

4 (7C"’5 /(% 3,2, SUBS TITUTE _g_,roe S
5. 3 lx—s! <E 9, MuLT. BY 3

6 |3||les|<s 5, 3:=/3|

7. |3(x-s)| <€ 6, [allb) = |ab|

3. | B3x-1l5| <€ 7

THE RIGoROUS PROOE STEPS To PRoye

S 3x-T=§ WeRE MET | BE Suze T
X-2 S

FoLLow TH(S ForMAT

Do NOT GET DiSCouensen . T (S
NoT OMNUSUAL To HAVE A HRepD

TIME Dope HARD THINGS | Nou cAn
Do (T
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F. DRILL OM FiRsT 3 STEPS

PRoVE /ka -7 =%
X->5

[. ASSUME £ SO
X 2 LET =

ASSUME ‘ —
3 VA &oﬁ«éﬁ? S/ <5 (St—/ow /(3>«—7)-8]<g)

PRov e /th U-5x = —=¢
-3 A

| ASsume € >o
*Q‘ LET $=

? grppe,gsreles Grov o))

PRove QLM 2%t = -1

K-> -4
|. Assume ¢ Sp
* 9 LET $=

"
/

: UM -(—4
P B £ e 0les G

Byt ) -(-11)

¥ FILL IV TH(S LINE AFTER MEDITATON,
SCRATCH (S0RE. AND RECEIVING ILLUMINATION
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AUADRATIC g, § RIGOROUS
LH\MT PMOFS

A. PRovE Qum XA-x+2=8

X > 3 e
HIS 1S TUGULAR PROBLEM'ﬁIT;/:E)

RECALL OUR PROOF S TART.

L. Assume € oo (SHOoW THERE (5 A
S50 sucH THAT Bor ALL X¢ domd)
Fo<ly=3128 | THEN [x+2)-g |<g

LE = |
. T 2= < MUCH MepiTAT 00,
SCRATCH WORK ILLHM{NATIOI\)

NEEDED HERC . So LET (T

BEGIN..
SCRATCH WO R K

|(ac2—x+a)-<8(<%:
| x*-x-¢[zE
((x——3)(4<+;3[<£
| x-3|[xea| ze

£
[ 2-3] < NESEY

i N

BE LOODKING
\Jor | x-3]

et ey
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wE WLl EVENTUALLY CHoosSE S
S0 THAT § = |

|¢-3] <8< |
| x-3( < |
-l <x-3 < |
H< X4a<6
|xta| =t Svce XFAZO
{

ARDD &

R

0l
G ><—t; “
(
L < =z
A /x%;[ t
T ¢ -/-——?%_;;{ « THIS HAPPENS

el S IS Plckep <
if:.lg RPN (

LET'S NOW DO A BEAUTIFUL
PRoOOE . TH(S IS MOT PART |
OF THE PROOF, THIS 3CRATCH (worg



S |

PROOF oOF LQLM Xp\—/k +J = %
K-> 3 |

| ASsume € > O

2 LET S = MINMUM OF 1 AND g/é }505>O‘

=3 ASSMM\E Xe CQOMQS) AnD D'</’)c—3/ )
(sHow [(x*-2x +2)-% <z)

o (x-3] 28 =]
5. | x-3] < |
& —l<x-32 ] 5
7. 4—;‘(7@&9\'4@ | G APD 5
8. | xea|= 2] Simvce Xt > O
9 L, L <L 4
6 K+ 7
(0. L L
& < Treal ®1
L % £ -—ém [0, MULT, BY ¢
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_ €
Y. Mg 3| < [ia) 3
5. |x-3[|walce 14

[6 . /(7@3)(14%@)\48 |5
7. | x*-x-6 | <€ 6

/3. /(?(1_%;),@(42 17

NOTE:® X Do€s nvoT Come o
EXISTENCE [V THE PROOF UNTIL

AETER S /5 NAMED. So Do
|73 < e v Your
SCRATCH wwoRk AND NMNAME

_ e
% = /;C/\-(—M THIS wouwld
ME AN Ex sTED BEFoRE S

AGAINST THE Ruces !
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B PrRove Qim I x| = |
XD A

< CRATCH Work
{(3x&-xf/)—t| [< 3

( 3x=x-10 [ <€

| c-3)(3x t5) <t
| x-al|3xt5] < €

[ < x<« 3
3 <3k <9
Q¢ 3x+5 < ¥ 3&-&5?/3;&5/
% < [3weS| <M |
/ L
’/Lf /3><+5() Ikl </31@°5/

LCT 5 e MIN. OF AND £
14
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PRoOE OF [ 1m 3x*xt /= ]
X3

| ASSUME € >0

2 LET §= Myt OF 1 AND

2. ASSUME xe&om@) AND 0<I?¢-;\4%

(5How [(3axrarl) -1 |<e )
| g-alzs 21 |

E
2] )50 9Y0

5 Jx-al< 1

6. _ < x=a<l 5

! | < X &3 ‘

<. 2 ¢ 3K L9 7

il o < x5l 3

0. [3x+5| =>x#5 9
[D

L.
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[Howewore |

Do £,% P)Lom% fba‘j s (v Hao Qké%lvafhu% %ﬁf\
30 Paq@. [ 1B

L/W\ x ;1.2(“‘3 m/;{

2('-3_)

Ge



LIMYT THE oREMS Q

R. £, PRODES COULD BE Geh oF THe
TOLLOWING :

—

__]—F C IS A CoNsTANT /th S;(x) EXsl
“AMD VQwvx %(x) EXIST.S THEM

K24

VQMV\%(X USRI & S -
[ ( \ﬁO?) ;g\%ﬁ() +7%;a 90
2 QKM (CJYAW) = EVQIM gcx)]

X>4 K2k |
3. JZWC (‘SP('X)-%Q&) [/@Mg(x][ %(%}
K-2a | X34 x-26
$. IF \/Q\m, %(x F0 Then

KoK
L [527 fi Fo
%= o LAX) |
-7 ;f,g,\; %(x)
S th C =¢C

X2 Q
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B IFf 1T 15 sam Mim e EXISTS.
K2 O,

THAT MEANS IT /5% SOME SPEC!F/c

fJMMBEfZ . IF \/Q_lm?(x):im )TH€M
K- A

" Vo_tm ’FLK) DOES NOT EX($T 55(/](,(56‘
'}(%0\ R b)

t o0 /5 MOT A MUMBER,

C. SHPPDSG i(m?&)rg AND leam 3
=T X>"1

JO.\W\ (?W\+%tx ) ﬂtw\'{e(x) +ﬁlm

fike
K2 X-> 1 X7
= 5 +t3 =

[3 P+ T X Do 380 +le-\j&

x> 7 x> & J

4(-5'7
__BVQ{M.FO()_EVQLW\W ‘__5;3()_1_

X—2 1
-3
7 30&)
X->")

= /5+135L = é/é R\GORODUSLY s READ BRCKWARDS
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D. RECALL, Yol MUST FRST Know Lim 'F{x)
T K aQ
EXLSTS AND VQWVV g(%) EXLSTS BEForc YO(/(
CAN SA\/

/QIW\[¥L* +35K)] leVV\ ﬁk T«@W« 8(><)

K- & A-» Q
_ l ~|
LET T — = —
NOTE %0() e 9 7
VQWV\ f;(x)--l:m ,le qpq = =0 B(?TH bo
K- 0 ) x5 0 NIT Ex ¢

Jz\w\ S’S(ﬂf (x) Q[V’v\ A +—?—<—’“:Q\M O =D

X-30 X2 0 T K20

TRE LIM\T oF THE Sum ExisTs

BuT :
Jsz\ "’£_+———— # Qwv\“L:. +/@1M~
K-> 0 X X320 S0
L’V“\NWJ

THESE Do NIT
EXIST
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E.:T/-/EBEEM: /F ﬁ/m wcoa) EX!ST) THEN

x-5a

o .
vgz;gm = % PROVIDED

A 1S A POSITIVE (NTEGER AND
WHEN n s EVEN ,Qwv\ ‘ecx/ >
X204 -

F RECALL PocypromipLs ARE [ (ke

S - .
D) = -j;*-—’)c—-rmwx_-g

EXPONENTS ARE Pos (Tive (INTEGERS
COR ERERO .

(. THEOREM ° /FPOC) /5 A POLYNoOm 1AL
: y

THEN 0 . P = p(a)
X=>a

[ POLYNOMINLS ARE TYPec of
FuNCTIONS NYou CAN SUBSTITUTE

O FoR x  AND GET THE ANS(A}E-/QJ



G

H. The SQUEEZE THEOREM -
H?,ch\ S MK £ YK For ALL
X E (C)OL\U(Q)‘Q) AND

,ﬂ/m ,Q(’)C) = K AND VQ(M (x| = K)

X3 Q X9 A

THEN Lim wms = K

Xo&
T. F{MD x_,QlVV\ 7(,9\ 5”\_(./
K-> 0 x
l < 1L <«
- £ Siny £ |
3. -kAE XrsmL £ Xt L
3. .,Q(m(—-XD\) :”Oa':o G .
X 50
4. L x*2 = 0*=0 G
X220
5 L 7(25/?\—[72 =0  4,s6uccec
K>0 THM,

EN



6 3

vote * Lim 1sink 2 Jim 1 Jim s1nL

= X20 %90 x

AN
LimT Do&S
NOT EX(ST

T IF Fw) 15 c1THER A RATIONAL EXR) o6,

PLGEBRKIC, Or TRIG FUNCTION , THEN

-(? - ,? QUST sSUBSTITUTE
LYY\ x| = _

Z__é
N = POLNNOM K L ”314 X |
RATLO Ac POLNMNOMLAL AX3-Gyt3

= EVUV
ALEEBRAC = 700 wes LTS
ROT(S Xt 3

(o SR
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ranzs st

)LHDMEUWRK K

PRAGES Jp, -

(077

PROBLEM 1
PRogLEM 37

62



b6 Y |
lCONTH\IU\T\/ J

DEF lon k- ;
uNQTetrO/\) % S ColeNuOuS F}T/
O v AND ONL (F

f

[ QE&OM&)

2. Nim $x) E\LtSTS( S Ao
= Numac&)

3 &&W\ WOQS) ?(@)

L '](/%Cl

]

IS N CoMTINUNG AT 2 7
& L2 € dom $

2. Dim ) exisls
*23 (it s 1) .
3 Bur R § ) =+ ‘Q@J

X>9

QW\ %‘\Q(): 1 Q@) =3

X—>2Q
ANSWER? NoT CoNTIN LouUs AT 4.
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-1

~ 3
C. TS § covtimnous AT 27, .

. R# Qom(§) /’_\\“O/ |

=3 thva Fix) ExisTS e
X3 (IT Is 1)

3._¢Q\M Sed = §C2) s/pce St:(&)
X - C_ Do€s MNoT ExisT
ANSWER - NOT CoNTINuoYS AT 2

D. 1s § Covmipuous AT & 2
g€ dom&) '

Q. &wv\ ‘?LX) EX($TS |

K34 - ! ; |
(LT 15 1) L3
3. Q,LM 'QLX) = Qtl) |
X2 -
NOTE * leW\ ?(x):i ?(&)fi
-2 2

ANSWER : YES, CovTwuous AT 2,
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E. RE N\O\/HBLE DISCONTINUITIES

ARE DlsConTINUOUS AT A BUT

SWCE BotH HAVE Ui Sex) = 1
X2 |

& CouLd BE REDEFNED So

THAT S() =1 = = Qim £

X2
AMD § wourDd B QowT(,uaous
AT A

Er:] £ 10 NoT
CONTINUOUS AT

o BUT CAN BE

B N R |
LL,;Ls

RE DEEIN ED ATA ™ BE C o TINUOUS

AT o IFF ?HAS A REMOYABLE
DLSCDMTUULQ,LT‘/ AT o

P— i




o1

r QEF”V ITION S IS CONTINODOUS |
FRom THE LEFT AT @ |EE

/l> QE&OM(‘?)
) QLM Q(x) EXisTS <L€ IS A

NUMBE R
3)Q\m §oo)= ‘OS@) :

X—- 0"

e

(. EXAMPLE

2 —+ °
I—-/'—'\_.
P

I \

S Is CONTINUOUS FROM THE LEF7 AT 3,
S 15 NIT ConTINGpus FROM THE LEFT AT 5
SIS NAT CovTiNUOUS AT 3.,



&3

G ADEENITION S IS Cow“rwaousj

FROM THE R\GHT AT o [EF |

D O.E&OM(,Q)

a)&\m%t,xj EXISTS (4o TS A
72" NUMBE R )

3) VQU’V\ §x)= 5@

X267

1000
S T S S T A S S

6

S 15 CONTINUOUS FROM THE RIGHT AT
| 3, AND 4

S 15 NOT CoNTIN UouS FRom THE
RieHT AT 5 -

% LS L\_)‘_Q:r CoNTIN uous AT 1,3,45,(

H_DEE. § 5 DISCONTINUOUS AT &
[FE ¥ 15 NOT CovTiyuous AT a.
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1 CONTINUDUS ON INTERVALS

IS 15 CoNTINWOUS ON [e,q]
[FF FoR EACH f

Q C (¢3d) § 18 /\r/

CONTINUOUS AT \—] —]

o AND § | CONTIN UOUS FRoM

THE RIEHT AT < AMD £ /g
CONTINUOUS FRoM THE LEET AT Q.

25 15 ConTiNUOUS OM (c,d]

[FF For EACH ae Ccid), £ 1s
CONTINUOUS AT o AND S

IS CONTIN UpusS
FRom THE LEFT

NOA NG
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J. RECALL > S0ME FUNCTIONS (uE
JUsT SUBRSTITUTED [N To
EVALUATE THE LIMIT.,. THAT
CLASS OoF FUNCTIONS (s THE
CLASS OF CONTINUOUS FONCTIONS |

POLIN OWMIALS . RAT lonA L | ALGEBRAIC |
TRIG, EXPONENTIAL , AND LOG |
FONCTIONS ARE ALL CoNTINUOUS

EACH P DF THEI
ﬁ;l—m ARE NoTP élx\v/oTPomes. R DomMAINS

K THEOREM (T (), Qo) ExisTs
X2 Q

AND Qtw\%oc) (S A NUMBER [N
X=>Q&Q v

Hom () AND 5; IS CONTIV Lous
KT THAT MUMBER, THEN

D (091 Qim 530 - § (L 0)

x5 G <

S0 ... (CONT. NEXT Phee)



7|

&\m“ﬁx | ‘{MBx l :ﬁ(;\ '{/_—

X-2> 2
3x-1 Quew3x-1 3@~
VXQ;N; e/ = e/x-?l — — >
Qs (35 2o (s 5300 = (3601
x> :«Q/\/\S

L. INTumor\) ABou,T CONTINUITY .
I= % S ConTINUousS oM Ca,b],
I7T LS COIU;\)CCTCD Nou CAN DRA(,J
FROM (al?m) TD Cb,?cbj) W\ THoWT
DICKING WP Youk PENCLL

ah
6.\/7 —t |
2R S o
A NOT CONTINUOUS
CONTIN UQUS o Cab])



Ta

M. CONTINWITY LookiNe AT EUL Tions

DEFINED BY EXPRESSIoNS (NOT
Pl c::u@es L.e . GRF\PHS)

- | X-220
[ Se)=T%-a S

ConvTiNuous ON L[R,29)

S s cONTwuous ON (-— -—;3 U(;Q aa)
_ IS A ReEMOIVABLE DISCONTINUITY
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(ﬁ@me wore?\j

Eﬁé{:s EQ‘;\E?;’ 3,‘-—}, o, 17, /8 93 Q,A

—

e



49 “
MNTE RMEDIATE VALUE %HEOR%‘

e ST

A TRMIF § s ConTivuous oM
rawl AND K 1S BETWEEN ¥ (a)
huD S§(b) THEN THERE s A

c eTab) Suet THAT §(c)=k

NOTE % CONTINWUITY S NEEDE D .
NU B |

b
No ce [ab) sucd THAT S(@)=K
S 1s N6T coNTINUOUS oN La,b]
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B. EXAMPLE = LET F(x)= x%3x .
%’(l\ 4 S@=1lo 1 |15 BETweeN
SU) AND F£(9). FIinD celt,a]
SUCH THAT §(Q)= 1. THE EXISTENCE
OF C 15 ASSURED sivceE § 15
CONTINUOUS ON [h,2] AND THE

INTERMEDIATE VALUE THEOREM
APPLLES

Q)= A*+3¢ = 7

cA+3c -7=0
_3 *93%4()-1D _ -31Y37)

C= _ =
) 2
—3-T37 {01,2] so T IS NOT ¢

X

-3+T’ e[1,2] . TT LS A DESIRED ¢
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ngo MELIOR K z

LETSix) = Qa3
¢(-)=5 S()=35
|7 15 BETWEEN (1) AND §£(5) |
FIvD ¢ 2[-/;‘5] sucH THAT ?Lc)ﬁlf
THE EXISTENCE OF C B ASSURED
SINCE S 15 “ConTiNUous ON 1]

F\I\JD THE INTERMED IATE VALUE
- THEOREM APPLIES
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J}lh?\ AVD HORIzonTAL
K-> T oo ASYMP ToTeS

H- P\CTQRES O‘F \/QWV\ —F()(): L’

X-»too

Qw:w%q-:z ? Dim Foy=1

X2400 X2 - 80 |
Y=3 3 %-:_'L ARE _Hok!ZoNTAL ASYMPTOTES
=3 s
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C | DEFIVITION ¢ =K 1s A HoRIZonTAC
ASYMPTOTE  IFF EITHER

L $09= Kk or Om Fo)= /

K220 | KB

D INTurtwe lbﬂ F@ig \/QtW\ Qoq):((
N X -5 +00
§(x) BETS As CLosE To K 4s You
LIKE AMD ~STAYS AS clos€ To K

As NOW LIKE BY CHeosSING &
DSUFFLCIENTLY LARGE

E DEF!/\J/TZON For Kim \Coq K

X2 tea

\% 15 DEF(NEQ ON SOME [NTERVAL
(a,00) AwMD

ForR EVERY € >0 , THERE [$ A
PoSITIVE NUMBER N SucH THAT

/ }?LXB-K'CE' ]
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F.
JS(ETEE-%'M DLFFERENCE ; PROD
COM PSS (TIoN L/M:?C;HER
OREMS

For Q)
xfﬁm?oc) ARE S IMILAR TO

VQLVV\ )

X Q

6 [THEOREM: For > 7
N /
\/QLN\ x"" =0 \

H. EXAMPLES MQ ._L =0
\N\

JQU\/\"'L «Ql/vv\ —" =

xeoo X200

2+ 5K
JOLM xé = Qtvv\ 34 4_52( =
X2 —t0 X Ké

LM +,Q1M -_.-..-/ j)ltv\ -(—,Qlw\/

xa-co X&' X -ea K’soo oo X
~» - 00D

=3 fm L . T E“QJM - EZOHSKDJ 0

X =00 X2 —eo




%0

H. (CouTinueED) (0 THE FUTURE WE
CAN TusT WRITE

5 3 5
QIM 312K =v@W\ ‘T@, ¢ i
X-> —00 7@ X5 — 00 X

_ Den 22 3(0)+5(0) =0
o mx, X"

T EVALWATE \QLMM&_«:ZM?—-
“ Xemoa 3X- SXZ+)

— Jz XB (81)( 747)

X-2 20 _L,(gx 5K3+;)

_ 1
—-",Q[rv\ L+ 3

X,&
NoTE : MuLTIPLY ToP AND BoTTOM BY

————

-'5+Q O S+o L)
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[Homcwmg\ |
PAGES |40-1y,

51, 13, ‘/ 17,320,324, 24, 32

Ge



g3 . =

' T
CURVE SKETWMAMING W (TH
RSNMPTOTE mwemmmw

D FIND mLL HorIZONTAL. AWD VER:TL(AL_

%\{MPTOTES For EACH VER,TLCP\L

ore x=Q Fwb Lim,  FND
PSEMPTOT x X5qt )

X AND Lg INTERCEPTS , PLOT 6 KEM
Pow'ts AVALY ZE ,  AND SKETCH

A Q..s‘
%x)ﬁ LS
- P — b

| FIND AL HogizonTAL ASYMPTOTES

JW\ ~K9\_;'5 —-/@wvx (KFL 25)

Kotes Kmt-6  Ksteas (X% 4)

:ﬁwvv [_’%V____.["# !

K300 T-L.5. [-0-0
X X*

&0 %:1 /5 A HoRI 200TH L
ﬁSYmPTmC
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S s |
=i x= -0 /
romeo =L =L DD
NS ALREADY MEMTIONED, Sy

s A HORIZOMNTAL ASYMPTOTE |

5 F/VD ALL VERTICAL ASYMPTOTES

1
}
&

e e e

L€ - yes
Poé_f?;ﬂ@ O
AP

== 15 A VERTICAL
ASNMPToTE
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pPR
‘Q_/‘ ?(.«9\ Q\S/N:IJMO
LI
xm-dt (3 fe-En)

[

o
[-R  R-L —
NEG Pos

vee ="

APP.
RLREADY MENTION €D 764-;l /5 A
VERTICc A AS\(MPTOTE
pPP—> _

,Q,uw -2 ’*“““f.ﬂd

= + 50

APP. ¢
L=3 s A VERTICAL Asymprore
I Z
Dom  XP-25 Megmo
?C-:?)(?C Sy T 1
R-L  R-L ) & 3 X
fo5 - 25
- Pos
ALREADY MENTIONED THAT

X=3 /5 A VERTICAL ASYMITOTE
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3. FIND ALL %- INTER C €FTS

% __;;7/1_.(9\5 = - SET (d:O
» X2-x-¢
x*-25 = O

(X -5)x+5) =
X=5 . %= -5

)
(5,00, (-5,0) X WTERCEPTS

Ho Fwd ALc g——//UTE/%CEPT;{

SET A=0O

2 2
) — %—154 = O —as - 25
5[ xX*-ZX -4 pip-¢4 v

(O, -%5') a - INTERCEPT

LETS NoW SEE  LONNT 1jurp
weE CAN APPLY 7o THE GRAPH NG
Now .



5 ANALYZE ? DOGs THE GRAPH CROSS
7
He LINE 8

,K9~5 :/

LC)) a2 -K -6
X*-25 = K- k-6
—25=-Xx—-6
7(::/7’ Yes AT ([7)D

(. PLOTTING [INFo

R
%{”I C"DZ —-'ﬁ;: “[é
SR (1¢)
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NOW PUT IT ALL TOGETHER




gq be

( Home Lo R KK

FOR EACH oF THESE PRosLEML
FIND ALL H@R!{%?QMTA(W
ASYMPToTES j

J

o AN D VERTIC AL
o FOR EAcy 'VQ_,&“ngﬁg
SYMPTOTE x=q T -
E x=a FiNd Qom
X AND - &i
i INTERC g
Y EPéEP‘E) PLOT 6 ke
PonTs | ANALY ZE | AND SKETCH

5 FINLD

PhNGE 1uy 39,41,%43

RINT For Home
OMEWORE. _ ToP APPROACHES —CD

‘ oarr HeNCE | o
i\m 3 < S NEGATL VE
xX—>— 00 [ -

— i

x
\w\—:’ﬂ MPROACHING Q)
Pos (TIVE |
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iDﬁR\vmvg.s TAMGE‘MT LWES, veLoey j’

S

_QEF/NITJOA)‘: THE DER\VAT\VE OF\[
FUNCTwoN § NT O, DENoTeR 9@3

'S DEFINED BY

%(cﬂ thm S(ath) - Q(m
hso I

R

B.EXANPLE : Foz S (x)

FIND g/
Ny, BY
0y, BY DEFIN TIoN |

Sltay=Qon 'Q(CHL\\ Q(m
h-o

Lien 2-3(ath)+4 (a+h) = [2- 3a +Ya?]
hso — N I

ﬁ\m 2=3a -3Zh44(a™ SlqlrwW‘) W3- Yo
50
| h |

= d-3x+y XQ\)




9

wjlm%/3/3h+ﬁ/i+?ah+% gﬁrj/(_ >
l’\—‘a’o ,, I

— ,le —3 L\"f%@\f\ +LU’\D\

- h-o N

—&\w\/ﬁ(?ﬁg&*%m Hien - 3+Fa+
hso I h->0

= —3+%a = S'(a)

C . AN RAPPLICATION OF DERIVATIVES
SLOPES OF TAN GENT L/vc:s

THE SI0PE OF THE LIMNE BETWEEN

(a,?(m) AND (OLH\)Q(CL»H\\) (S



qa |
M = SE(OC”\\—S;(@)
o (ath - a
e T ((H@ - §(a)

Now PS Kk APPROACHES O

THIS <SLOPE APPROACHES THE
LLOPE OF THE TANGENT LINE

AT THE PowT (a,5(a))

|
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D. GRAPHICAL INTERPRETAT IoN OF

<l = D S(arh) -SG)
hso I ;

THE S [pPE OF THE LINE
TANGENT o THE GRAPH OF

S AT THE PonT (@ F) )

E FIND AN EQUATION FoR THE
LINE TANGENT To THE GRAPH
oF S()=a-3%x+4 x* AT THE
PovT (1,3),

NEwDd AN EQUATION For A LINE
TYPE OF PROBLEM ,

NEED : A PolvT AND A SLOPE.
PowwT: (13)

. < -
sLore 7 S'a) THe sSLore oF THe

LINE TANGENT To THE GRAPH OF
S KT THE PoinvT Ci‘-@(;)\):aﬁg)



9

WE PREVIOUSLY F‘@UMD % (a)= ~3+%Q
20 €'(1) = =348 =

EQURTION %_3: 5(1_ l)

E . FoR S(x)=~{t , E/mD S§(’><)

BY DEFINITION,

S = Qim SQeth) =50

h->0 N -
L + Geth )| W _
h-=o h -
M ‘[%hﬂ -—“@__ 7/@: +W
” A T+ T

i (xﬂwﬂ €<y ~J> A
K20 [T Tahl V) Jap h(rr+Feer)

= Lo / [ i
No0 Y xhtl +/;<IT “/TT:L/EI_; &(%F}—
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F. AN RAPPLICATION OF THE DERIVATIVE
10 INLSTANTANEOL@ \/\ELOC‘TX

SUPPDSE  Set) 1S THE PosiTion
OF AN OBTECT OM N COORD(MATE

LINE AT Time(#)

THE RVERAGE VELOCITY OF
THE OBJIECLT oOVER T/ME INTERUM(

Ctotthl 16 S(tn) = Ste)
(tth) —+
S(t+h) et )
—
SUPPDSE  §(t) |5 THE MILE MARKeP
NT TIME £, Supposc AT 1 PM
You. ARE AT THE /oo miLe MARKER

AND AT 3 PN You ARE AT THe
Q30 MILE MARKER , THE AVERAGE
L VE LoCITY OVER TIMNE INTERVA(




/?

1¢ |
[l 2\ = {; +9Q Cie h:;) 1S
\ SR = S0 - £ - Sa)

N | 2
= 230 109 _ /30 _ (5 MM
AN I |

To FIND THE //usTf\/uT/%/\)Eous

VELOCITY AT TINE T IN GEMNERAL
ThKE THE Lim | <y
/

hs0

/

ImsTAMTJ\Neou_S VeLOcCITY AT

et 15 Qum SCEHN)- 9&
B %29\/\2 N %tt)

\F S@) s THE PoSiTioN OF AN
OB3IEcT onv A CooRDINATE LINE
NT TIME £ THEN SR) 15 THE

INSTANTANEOUS VELOCITY OF
THE 055&,7 AT T/me t |

T

L
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G.THe PosiTioN 0OF AN OBIECT
oV A COORDINATE LINE AT
TIME € Is Se)= &7
(t (N S€ECoNDS, SEt) IN FeeT )
FIND THE [INSTANTAN Eous
VELOCITY oF THE 0B3€cT AT
TINE €= 5.

WE HAVE PREVIOUSLY SEEA
@m E) FOR SO) =+ THAT

S &)= ﬂT) S= o ‘(
THE ANSWER (& Sy = ——
%%@5) e

=
%CS)‘;LT’Z e
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! A:/omewofe,tij
PAGES 150,15 * FIND

ANY DERLvATIVE BN
DEF(MTION

3 ol b
| 3

B

Ce



aq N

IEQU\WA LENT FoRMULATION O F |
D'ERLVATLUE

|.SLoPe OF THE LINE BeTween
THE PowTs (a,§@) Awno (%5 w)

< ‘OPG' - | g(‘K\"” g(&,\)
K—-a

!. SLOPE OF THE LINE TANGENT To
THE GRAPH %;,Q(«) AT (a,»;(a))

(S
m= S ZE L 50 -5@)
K> O K- A
ALsO, RECALL

m = /éa\ DEE [ (OHN) - ¥<3)

hso iq

E.F. = EQUWALENT FoRMULATION




(00O

B. EXAWMPLE © LeT g(x) = A -3x +Lf7gé ,,

FInD %/Za) BY THE E QUIVALENT
FORMULATION To THE DEFN (TipN OF £a)

5 20(\5_:‘:..5 VQ\W\ ‘Q(K)"S;(&)

LS AR K—QA

= ,QLm (51—3’7&%)8')—- (&-3Q+4az)

X>aq T ©-a
et VQLW\ 7,?/"3/,(""4%2—%4 3(3\ ""LZ.ZC(Q\
X a X-a |

= i  -3x+3a +4x> 4qx

X2Q K-
= ﬂlm “3(%';4) +4 (%%'Ql)
x2a ?C—-CL 7

= Lo =3 (x-a) +4(x-a)(x+a)

x-2 Q
XK—a




|

= Qim ,é«—/a/[ 3+‘%(%+a)]

= “Q“’"‘ 344 xta) = _zy 4(ata)
K~ Q.

= —3+4(2a)= —3+F%a = %/qu

NOIE: THI® (5 THE SAme ANS WER.

We 60T For §'Ca) whew §'¢q)

LAS FOUND BY THE DEF( (TON
IN THE PREVIOLS LESSON .

C. T 15 Good To KNOW BoTH THE

| DEFNITION FoR Sla) As werL
AS THE EQUIVALENT FO/QMULﬂT/ON
FOR £'). SomeTimes 1T (<
CLEARER TO USE OME RATHER
THAN THE OTHER.




[0\

D. ax ) &Y NOTATOON (THis 1S

NOTATION USED /N Seme Books To
DESCRIBE DERIWATWES,)

. START AT PosiTion K AND
CHANGE TZXPOS(T(OI\) K4

/\_/(/——\I
] R

' 1
X Xa

THE AMOUMT 6F CHANGE (5 AK,

LA?C'—- ?C&—X, DEF(MIT(OA] »

2. NOTE  Kgo=K,+2%

3. S0 WHEN Yo SEE &2k TH(NK

THERE (5 A START(NG MUMBER Xy,
CHANGE To ?Ca) AZC:’KQ\-?C( |

H. LeT 4= 50

A% = ‘?(%Jc A‘K) - g(’Kl)
= 9(163\ "‘g):(?Cl)



/o0 3

5. PICTURES OF Ax AMD A%

E. NoTATioN SoME use Fop
DERVATIY €5

gl(d\ - vQ(N\ —;(qufax) ~-$a)

Py G-V 2K

SUBSTITUTE K For Q

Sy = Lim - Flxean) -Stx)

DXS0 AKX

%%Q:NLM‘ AY ¢ chrveE (N Y

AX50 LXK E—CHANGE (v X |




o4

[. DERWATIVE As AW (INSTANTAN Cous
RATE OF CHANGE |

1. o = ¥

/
| S'k) 1S THE INSTANTAN cous RATE
of CHANGE OF 8 LITH RESPECT To K

Iy =SlE)

t ¢ Time (Seconds) |
4 - Posttiod AT TiMme ¢ (Feer)

[
S'(t) 1S THE INSTANTAMN Eous
RATE OF CHAMNGE OF pPoS(Tton

[U(TH RESPECT To TIME (IE\/VELOQTY)
UM TS ¢ FEET PeRr SECOU)D (T € »

3. V= §(r) T e
c¢ valws (Feet) |

Volume (cusic FEET)

%/Q—*) /S THE [INSTAVNTAM Eous
RATE OF CHAMNGEE OF /oL UME
WiTH RESPECT To RADIUS

UM ITS & CUBLc FEET PER FodT (If. %—f—)




los

. RECOGNIRBING DERIWATIVES BY
| 0oEING AT LIMI(TS. EACH IS

Slta), MME SO AVD a ,

- S (a+h)y— ¢ _ ) (@)= 23
=0 h hso N

%(Kﬁz ?(Q A= 2
NOTE ¢ ‘?/C;L\ = VQ(W\ 'F(Q\‘*M —Q('&)

hso =1
= Dun (B4bV a® (), (aeh)- ¢
hs o N N> O i/\
. ,le Xo—K — 3?’743_~ D(MQQB_ ?()— (3%3)

%0(\:: 763_ §e a=3 N
NoTE: £43) = (i $(¥)-TG)
X-2 3 X~-3

3
= Lim 7§3“7< —(3 Fj):[l”\ 3oy =343
x»3 X-3 X53 X~ 3




b ¢

Py g
{ e g g
Y 45 ! ah gmmen
o
¢ ;3{ )

(SING ThHe

o
o % : #;«TM g

ot JF




[0
il OTHER BERWA‘TWE MOTAT Ion AU 5.

DIEFERENTIABILITY IMPLIES
CoMNTINVU ITTY

R. LEWBNIZ NOTATION FoR 4

g/(%\ = g_% WHERE y= ‘?(x,)

%i IS ReAD "THE DERIVATIVE OF

% wITH RESPECT TO % ,\\

8. &,Ej S ONE SYMBolL NUT A FRACT(QM,
X

INTWITWELY THe MOTAT/ON Comes
FRom %/(X\:VQ‘M Flxtax) ~Six)

AXD D A K

- s 2y

ANK 30
C. RKECALL : FROM PREVIOUS (UORK

IF 5 0= 2-3x+4x* § Tz -34S
_ 2 dy = _
S0 IF g= 2-3x44x? | G = -348x




OB

D. EVALUATING A DERIVATIVE AT

A SPECIFic VALUE USING LEIBNIZE
NOTA‘T’(DM

PRAME NOTATION ! $(x)= 2-3x+4 x>
Sz =348x . S (5)= -34+36) = 37
LELBNIZ N OTATION © % = A-Bxd x>

%: —34¢3x S%- - —3+ g(s) =37

E. ‘LDIFFE RENTIABILITY — Cpp TIN u,*ﬁj

THEOREM

¥ 5 (S DVFFEREN TIABLE
AT a THEN s Cow‘rwuws AT a

RE hspis Sla)= J&m § ) ) S(a)g

- X5 G X—a EX($T3
ﬁ. o e dom )
swce soty Aim ’?(X\-g‘(@

AUD Rm -4 EXIST, <0
X3 QA



|09

D= S}ia\, O = ka ;(X\"QCCE), \lyv\')c_q

x2a ¥R yyq
= ./QUN\ QOQ NG , K-Q

X-=2Qq - X-a

= Qi £ - Fa) |

H

Y. a
Hewee, lim £ -F@ = 0
X2 4"
So [im ) = QLV\/\B’(}(\ gC&ﬂ*QCQ)
K= X5 a
= Qen Fo-%@) + dm ¥ - O‘f({(d @
XA X 2Q
THEREFORE -
2) ,Qwv\ ‘FC\L) EKzSTS) AND

X3Q

3) L oy = Q(&)
x> Q&

THUS —\j 1S CONTINUD US AT Q|



[\ D

ETTT 15 NoT NECESSARILY TRUE
HAT CONTINUOUS —> DIFFERENTHRBILITY] -

|

For S(0=|1] + »
oN [=hit] ITS . |
GRAPH 15—~ T \;
§ 15 CONTINUOUS ON [—t.zj sugrw

PO(NT

BuT § /5 MoT DIFFEREMNTIABLE
AT O Sivce€ THE GRAPH HAS K
SHARP PornT THERE | (MDICATING
THERE (5 NOT omne AND onLY
ONE TANGENT To THE 6GRAPH AT O
witH S0y BEme (T5 Scope

G| THE GRAPH OF THE FuweT ou -
AUD THe GRAPH OF (TS DER\VM\\)E%'

I

WHEN § HAS HDRIZOUTAL TANGENT
ON \TS GRAPH , St wite Have VALUE O



1A

LET Spo=
we QouLD'DERWG

;C?C\ A X

IF THE GRAPH of § HAS A VerTicAc

TANGENT, THeN s’ Does nMoT EX(ST AT
THAT Po MT

LET S=YVxt( //’»‘

WE HAYE SEEN

/ (
YT Tpa

\




PAGE (1L A

LoOK AT THE GRAPH oF < AmMD
PLLK oUT THe GrRAPH oF §/

“ZN ! / <« Geard OF §
R

Pick BELow THE crapH O0F §

|
| ,L/ NO -?/U) AN O

y | S % 1) musT BE O

/
Ne -?CM MuUsST
RBE PostTIVE

[ .
NO S;' (_OJ MusT
BE NEGATIVE

< GRAPHOF £ /
», ,\. . lenN=%'¢1)=0

) "\/’ | S (0) 14 NEGATIVE
S2) 1s PoSITIUE




- 111B

H.Emoke NOoTATIONS FoR DER'LVHTNESI

%—i Is AN OPERATOR THAT TAKES THE DERLVATIVE
Wt RESPECT To K.  LET Y = S (x)

5:m-|-t_m\£ D 1s A DERIVATWVE OPERATIR
/ = S; X)) = &H = &% = & - .
3 ( ) Ax ~ Ax BU(%LX)“ D% Dx%‘/-

1°" DERIVATIVE = THE DERIVATIVE

AY° periyATive = THE DERIVATIVE OF THE
- FIRST DERIVATIUE.
= THE DERIVATIVE OF THE

2R NepvATIVE
DERIVAT SECOND DERIVATIVE .

o
4

3 [CeraNTE WaTATIon For HiGHER DER Vi)

nd , Ry *
2 DERWATW&“%@%\_E—%

4 Py
3= DERtvATWE & [y \ _ 4
. KK(JUC") X3

i~

ki N

&

2}

+h WwATWE d
W pERIVATY - ng\.

#READ "THE A™DERIVATWE OF o WiTH RESPET
o xﬂ\\



'HC
PQW\E AnD D NOTATIOI\) 7_—0,Q HIGHER DER\VﬂT\uEf“

e e i

QD“ DERI\/A’TWG % Lx =, D\"Foc) = D {:(x./
33— QDERLUATLU(: S Qc)-—% (74) =D ﬁx)— D S;(X/

: (wﬁ.
A pepwatve S 00 = Do = O, ﬂx.)

m S w4 %6 Oc)
%5@@‘-‘- BZOQ]S. %(5(2)0 = D?coc) 5 DER!VATIUE

A A bl £ g

ATt e TR T

L. EXAMPLE 2 LET é.—:?m: 2= 3x U x>
WE HAVE SEEN y'=ay - pnfy) = -
J 7 gL =0m0= - 3+%x

SINCE gzgx -3 = Q\/\x—}b 3

SLOPE
THE Skope (=THE DERWATWE) 15 § S0

R R )

S(NCE S'x)= 8 = OM-E? mxth ,
/A SLOPE

THE StLopc (=THE DERLuﬁTWG) IS O. <o

g”/ %l&)"géfn)d %;-“L 3 % -




Ge
1A

o s 2 T A AT

T%’W\E@O&K

A 3 PAGE /oA

B‘_ BE HBL‘Q To MAME A FU/VCT/&/U
conTinuous on (Z1,1) BUT woT

DIFFereEnTIABcEe oN (-1)1)

| End Qun S(0th)-50)

hs>o In |
9. Fup Lim, S(0th) -30)
| hoo?t - -

3. What do leps | and A

te /] You abod ,»sz ?—(0#\]—%(0) 7
| nhso I ~

i What Aoes ﬁ"i‘LP 3 7('&((' You
abeout %/(0) 7

D. 45 PAGE (LY




( DERWATIVE FORMULAS s

A [The DERIVATqu OF A QDNSTAW[S“O’

(AN=0
- /
IF Swi=¢,Thew $') = o

PROOE: Assume §x)z ¢

Sa= QLM St ~ ve) =

=< _ g
he o "N hsd =

/
RECALL  S'%) Is THe sLope 0 E THE
LINE TANGENT To THE GRAPH of §

AT (1’)?6@ ) o FOIQ ?O():,_C'

A R

il B . %

ANY PoinT oN THE GRAPH OF g]s'g'ﬁx):c,
HRS A HORIZONTAL Tﬁwégwt
Hence THE SLoPE 1S ©,



3

B

Paoaﬁ Aﬁsq;Méz §(x) = x . (Show ?@O:)
'¥UC :&WV\ j?(t) g(x = ia ﬁ“"’\ 1= l

tox BT s tx A

fFOR %“(.m.ax %c 'mc

E XAM PL.E 9 " ) 5.&9‘




15
PRoOF EoR w=13 THAT d_(X7)= my™
| =

S}/CX) = "l\N\ S;ézcﬂ“) ”SEQ() _ ll\N\ (_‘MM‘%‘ )(3
hs o V\ K0 L\

‘-’-'&lM /{9:'3 xhe 3’)Lhz+ [,\3?>(3f
heoo N S

= [im BKQA%— 31([,\1+h3

’\“3() l’\

= lim h”(3)< .,_3,”\4_&\2)
ho0 ~ }\

= lim 32(, + 3k H/'\'?— - 3\(’):{-(9{-0: 33(9“
hs0 |

| 4
So FoR g@&):')(?) g&}ZB'X,Q



e

N !

D | _LF C 1S A cmsmw AND Sl& E“Bf
g el ed
v

&%
. | \
E XAmpLes ‘ : d (5'><,L Sﬁ_(ﬁj:i@f)

PROOF : LET 2¢:)= ¢ ) Ana
ASSUME (x) EXISTS . (SHow'

qlxt ) - ﬂlx)
quo- %‘3 n

th; c?(ml:) c?(x) __A_Q;\a,\ o ?wm)-%ﬂ




11’7

e

E| TF‘ BOTH %m} AND cx ) EXIST,
HEM %_chwfgmj iQ_GOg\ +I’(3Lx

Le. @’

)t ‘”‘3
ExhAmeres: d (xPx )‘:__&_(XQ“).{.J? ()
Ax Ax Tx

= Q;)Q1+3>< o Q?c-f‘i’xﬂ*
WE CAN LEAVE ouT THE MIbdLE
<TEPS RAND Do THIS .

3
FoR g0 = X+ X~ ﬂ’cx).—. 1k +3x>

LET @~ sxf-27% -3 'FWD%/'






[ 9
HOME W o RIC

PacES (K0 -IR) ¢
opDS 3 THRouGH 3| ,
32,349, 45,46 52

e



| X0

PRODUCT AND QUDTIENT DERWATVE -
FORMULAS

A. PRODUCT FORMULA FOR DERIUATIVES

%;U“"?L’q = g(x)%/(?()% %m)%&)

B. -PROOF INDICATION [N THE N oTATION
(5 @ /(007—' + (odg’(a) + gf(ahcl(a)
G%\/m\ = Lim (.CTCQOQ ~(§ 3\)(4)

X—>a K -q =

[im 9900 — S)4@)
X224 KK— Q&

p—

~ VQMA, ‘ch)ﬂoc) — fwczvc)ﬁ(q) + ‘F fx}jlct) - '?(a)ﬁ(a)
X2 a X -a 0 ” )

= D Fee) [0 - 9¢a] +3ca)h[ﬂx}— ()]

X3 Q

X-a



| - |

= Dim S 6\670 4] - 9(0) (503 -§ @)

X2 X-a
= &LW\ Qod QLV\/\ i,,j_. —+
vQwa Od[a) QLM %CK}—S;(&,)
X2 X—=2 & X -a

-Pr(a)% (a) + ﬁ(@) ?La) = @3) (q)
LSis A8k, ot @ so§ 15 conf, ata

C. EXAMPLE OF THE DERIVATIvE OF
A PRobu T |

LET hix = W_E(qu— 9\{'?

.hu\ = ?L{i (5)#- 2 X-—B)
o ‘ o
ho)= % %‘(QOKB%X_?) (SK 'y [
P FWD 4 ot ) - 4 (@KGK/:

%2[’6 +€,x£ix‘ ,—:@,@X{_ea _Q




ARPN

FE.QUOTIENT FoORMULA FOR DERWATLUES ff

d (T@)\: ('IYM" Bx) T(’X\«TCK)BIOQ
&<\ Bod BT [Bex)]™

PRoOF (M DICATION MNoT GBLUEN,

FoOLET $ix)= &3%

Sx+4
gl = B )(=3) = (3-3)(5)
(5)(#{)2\
$)= = I5Sx—a-lpt ISk _ —aa
(Sx+4)2 (6x+4?

G. LET fog = vE(3¢5-2) :X?’L\@xs:l)
5x =17 5%x-7

¥ /Qd—-'[é’i K—’?)[X%L(I 5 x"‘) + (3’)&1)-5 x“li]-
5 (3x5-2)(s) |

(5x-7)>



a3

- vsxﬂ)( x*(15x) + Sﬁf)) - Bk 3»&:1)]

| (5x-T)"
= @5 1) ( gl OZXQ l,i(g = @> “SXA(3 lﬂ
) (5x-7)" f ;
= (s x—7)(3?3‘x5 D) » OX(BXS-QD
axl’l

l

— zés X [Dx =23\ X 4 1Y — ~30%° +;10">c
2K (5x-7)*

= 135x° =31 x°+10x +1¢
27% (5x-7)*

= g ZX) :



EX

H. FIND AN EQUATION For THE
| TANGENT LINE To THE GRAPH

OF Soc)z 3X3 ot Tue
| e x(; x-7) ReCALL 2
Po(nuT (oj %‘3 Iﬁ%&&%): Qew;_

Need A POTA/T AMD A SLopg (%503)
S0 = &(2x7)3 - (1xg) [Py )
[ (ar) ]2 |

%I(,O) = (-18 - (3)[a+ () 2]

L %]

Gatle
= 226+3[] | -56-36 . qg
T 49 0 qgg



| a5

1 THE DERWATIWE OF THE PRoDUCT
of 3 THINGS . FIND h'x) wiEre

Nx) = (2—3&)[5“&)(7‘—-8)()

GRour To WHeEre |T 5 / PRODUCT
OF Two THINGS

nix)= t(1-3K)(57<+9\D(’7 8x)

Nl = -3x)(5 N (-9) +
(1-3) [ (3-3) ) + (512)(3)|

J. A WAYS To Eup _%{(._%X

Ve (%)= 6= s 4656
& :
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\H O ME LWOR \<j

PRGES (87T, (38,1389 :

=~
P

%; L’f)g éﬂ!w}f iU 4 i %; ;Dﬂ 3 | 53»2 z“? | é )

A7, 3 L, 55

e~
e
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PRAGES 17~ 40 OMITTED
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o]

[DEQ\\/P\TWES OF TRIG FuucTZo,usf

P\. C7,W€M WITHouT PROOF~ \Qm\ iﬁi:{
+ 20 t

B. PRO\/EQVQ“M (C,oSf)—( - 5

+t-50 +
&lN\ glOSt)—l :/le[@os t)- Q[(Cos 'OJrH
teo € £20 & [lcost)+]
_ Qm CQOSQ'&>" l 5ECALL{
50 "t[CCOS-t)‘l'rJ _SM'L +COS(.:*_:“_L
— Jum —sint

tso t [(cost)ti]

Qm (sin £) [-5mt]
tao t Jleos t)+1]

/Q\vvx é__(_‘i\__t VQLVV\ —sm € :_/_L.("'O>

{

t20  t  t50 (Cost)+)



I

C. FIMD VQLW\

= Dim sin(x#h) - sinx
h->o0 A




43

R SInx Cos K + Smir\ wsx —Siax

hso
’ | I/\ |
’-""llh/\' [SM?C COSL\ - Sin '9<+_ 2N R 605{)

h=o A N
= Qi :
o (%mx CSA) ] @S@Smj

(Usive Sum S PRopuct LimrT THEREMs)

CSHA X)[Oj (Cos 7()[1] = (oS X+ Wd(xj
E.L?___(csc x) —CSC’X,CO‘&K

X

)DROOFZ LET 'VQ():C_SQ?Q:S“{?(
%/(m) - (s ¥)(0) -1 (¢os x) |

(Sm x )™

- losk _ ___,'; 1 C S(( ,l.
CS(V\ %)CSMX) Sm’)c - CSC X otK

.




| 4y

s’

F. L%— (cos x) = =5 « J

FORMULA  GWEN WLTHOUT PROOF

G. %{Ci‘an 16) = sec®x

PROOF ¢ %(’tavx %):CQ <5m 7(>

Ax \ Cos «x
_ ¥(_<los ®)(Cos X)) — (sin x)(=5in x)
CCOS % )&
2 2
_  cos
_ x:s:nx: (Q = sec’ x
Cos™ % Cos ~x

R KNow THesE TRIG DERIWATIWVES

%&(5‘“ Q’ cos X é%—(CCSC K\ = —(Csek COJU(
%;(CCOS 1@:"5“’\?( %?—((Sec K): Sec?c'f'am?c

T

%ZC—{-M x\: ggg\x %:X (c@'( x) i —Cscil?( /

-



[

5
T. Csc K .
%;_{ (H— w’t?c\ -
| (H_Co't x) (— csC x cﬁx}—@sc K)(—- Cscl')c)
(H cotx )°

_(csc Kﬁ[CoT r+ CO‘HK —Cscﬁx]
( L+ cot x)>

ﬁ RECALCL
_ —cesex [(¢cof k) - I] |+ ¢ot™ = csc’x

CH‘ Cot k)g\

S. LET 8: SEC.')C(&X-t CoS X C%CK)

%2% = (sec )| ¥ 4 (cos x)(-csc i ¢ot )

+@'SC X)("'SIV\ ’)9.] '* (ex-i- CoSK Csc% %eax—t;aﬂ.)‘_i

SINK SN X

-+ (67‘ + COSX)_geC?( JL‘CW\X
SIN X




4 £

— X
Sec x [e, - Co'f?ccoTK — I:]

+ Ce*+’ cot K)%ac x Tan x

S x
= Cgec x)f; — Sechk COT;{)( — SecX

o
+ e secaTanx 4 oty Tanx secx

= SecX)[e_x-A COT:{)Q -/ + €X“'a|/\>< +ﬂ
— (_sgc x)[@x— CO—fD\)( + éi?( 'f’cm )i
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PAGES 195, 9¢
1 THRoucH 6, 19,19,23,
39, 40, 42
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THE CYRAWN RULE
DERWATWE OF THE COMPoSITION

Al TF g(x) £xisTs AND § IS

DIEEERENTHBLE AT %UQ)THEA)
/ .
(Soq) (X)) EXISTS AND

0 /x: ! (% /(
(Seqyo)= 3 (4 \3@ )

Ok TIMES

Eglahy
NINALY.

B. PROOF [(UDICATION OF CHAM PULE

(Soq)a) = Licn Sogdog -Ge@) _

X224 X - QA
Do SQ@) - S@Q@) _
2a x—a N
Qom $900) =5E@) 909 - 9@
X2 T e~ q@) X-a

I

2(q@)9'e)



49
C. LET hx)= Sin & . Eivbd L\/Qq o
LET S(¥)=S1n X AND %OC\:X‘D\

(Foq))= S (q00) = §6) = Sin s hex)
x%/aq: Cos X %[CX):&Y

)= (5o 3\%4): Q/(% x)) g/éx)
= $'(x®) Q= (os X)) Ax

NOW THAT Nou ARE TRAWED AT

RECOGNIZEING Nx)= Sin X AS
A ComPos (Tton, IV THE FUTURE
You CAN SIMPLY WRITE

hic)= Sun x>
h )= (Cos ™) Ax



IS 0

,&;S.m w = (cos uu”

dl _
o cos w = =B uyu’

%{C—t‘a\,\ U = @QL M\M/

LQ___, CDJ\ = —(CSC M\)M

Ay
4
4 <ec U = (Secu Tanw '
%gii csc u= —(cseucdtu)u’

del=e v
M@ e w



[5 ]

D. EXAMPLE: h(x)Z Cos %
[
l’?@di ,—(SlV'\ XB) 3)&9\

E.EXAMPLE D [ (o X® =
A X

—esc x° cotx®)5x!

AR

2
F.EXAMPLE - %_e} = @f&x
| X

2

5. EXAN\PLE j — -{—av\ e/x
2
44 = (secte (e ax)

H. EXAmPLE : = e é__ll\KD\
Sec 3%

'(sec@z’c)[e, "S- @osx’*)l»a] -
[6 —5H\><D‘](§€,C_e, fan e,BK)e, 3

e

[sec'egx] B



1S X

| -
d =nvu u’
Ay

Power
RULE

5
TLLUSTRATION = LET he)= (142

5

LET S(x)= X7 AnD q(x)= [+

@oa\(x\:qﬁ(fﬂ Q(Hx) +7c) }‘)(K)
lrxlax) (QOC\X& ”g/(%t")% <)

{Tm\c ouUT {;QQ_ "X g )=

--M - ( = = % |
TINE | ?(Hx)@x %(HK”L)Q;(

— L\
J. FoRr %_-7/“_)0\ -(+7(a)&

dy 2
& J/(l‘t’)C) (Q\s() i+ Kl)‘/z

X
Y1+ x>
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3

K. FoR Y = cos*x* = (cos xl)

/ , 9_2
% = B(CQSK)(_slV\K’l’);L)Q
(

Y =
Ld1‘_ —6x Ccosd(x*) sin (%)

2 2 0
— 6% Cos X sin X

PR q = “‘COSK Tan (4 3X>

5x+2.
/ COS K
[ S‘V\KJQ\K _
[s% ( 2~ ﬂ [(5"‘*3)(-—3 )-(a ‘Mj
Sx+2 BGTEE

K
M. For ?kx): Q" = e° Q:e/x,@\/\a




SN K

‘C‘?. FOR %: |
)%1: (Q sm)‘é)@v\ 9:>005 "

/?M[_él&émz NOTATION Foer THE
CHAIN RULE: Fok %:9@)

AND U= Q)
by _ Ay du
'”%’EI& X

s

vt maratemti
i
S Y

Q FoR {d‘ZSIV)f«( AND u:xg\

dy _ d .CQ"“:::(COS U SLX'3<C05 XD\ X
=g = )
< AME PROBLEM : FoR (45 SIin 7(9\
E(ND gj BY LEBNIZ NOTAT/ON

%

Foe THe CHAN RULE
L ET u:?(; y: Sin U

g g -G )kl R



/ss
R FoR $o)= sun (tam (Cos C&KJB .
SQIQC\?[QOé (JFGV\ (Cos 61@)} [Secl( (oS 61’()] °
[—sin ™| e g,
2 g
5. LET Fx)= (5 3% Qos(x&m))

. 1
= 8 (53 cos (<M.
[5 .@xfOMB Yax +[suh (x%x)] (’(L”ﬂ
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L - J
IMPLICIT DIFFERENTIATION |

R AN _EXPLICITLY DEFNED FuncTion

Y = §x)= X247 43

B AN EQUAT(ON CaN IMPLICITLY

DEfINE AT LEAST opneE FUMCTION
q = $x) (T-€. Vou Do NoT
EXPLLctTL:\f How THE FUNCTON (5
DEFINED NECESSARILY, BUT EACH
(x9)e§ SHTISFES THE EQUATON )

EXAMPLE ¢ 'x("lﬂjg: Y

IN\PLtcrrL\/
DEFINES AT LEAST onve FumncT/on
0 ’-‘?OC) . TWO WLt Now) BE SHowN .

gredxt
VgR= [yl =T -7t
Lg:_’t_:’)/%-&g\




|5 %

Y =¥, ()= +y4-XT  SATISFIES

| Koty =7 ALSO,
y= $.09 = —4-x*  SATISFIES
%9\+(d1: lZL

C. IMPLICIT DIFFERPEN TIATION /5

A MEANS OF TAKING THE DEKWATIVE
oF A IMPLICITLY DEF(MED FUNCT(ON

<f\,’£7:‘_€..3 Youx CAMN KNoW ITS DERIVATIVE
EVEN THouGH You MAY NoT KNowW
EXPLICITLY HOW THE FuwnceTION

s peFmeEDd!l )

D BULLD-UP To |MPLICIT
DIFF ERENTIATI(ON

S UPPOSE 4 = fx)= Ax+x°
TRINK OF é AS AN EXPRESSION)
INvoLviNG x (Y 15 A FoncTioN OF@
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NOLW) TAKE THE DERWAT IVE OF (%

T(% & (Q”X> “Lf@uXS)(o’HSx)
*m) { =t Ay

- 7[ ?ei)‘?log

Lo IF NYou KNOW d IS A
.DIFFERENTMBLG FONMCTION OF f)( “THEN

# (4 gy

AS Now Do IMPLICIT DIFFEREN TIATION
THINVK OF % As AN EXPRESS(ON
INVOLWIN G “c BuT VYou MAY NEVER

KNOW EXPLLCITLY WHAT THAT
EXPRESS (o /S



/60 !

E. IN IMPLICIT DIFFERENTIATION YVou - |
ARE ASSUMING IS A
DIeperienTIABLE FuncTonw oF %

F. DRILL PREPARING Tor MPLic|T

DIFF EREN TIAT(ON . GET ESTABLISHE N
IN THLS |

A (x° *) _ TREAT AS A PRobucT
(Qx T OF EXPRESSIONS N Ks
ONE EXPLICT (’)(5)

8‘4’*& f5 ONE IMPLICIT (UQ

-ﬁ—» (Sm OCS(\{?)) 5.“" (x '{f‘{))q
[7 51 w“)]@“(“@ﬂ[”w u %Lfng
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G. IMPLIC T B\FFCREMT!»‘\T(O/\}

L DlFECRCNTtATE BoOTH SIpES
2. SolLVe For {U

E(ND % B\I IMPLICIT DlFFERCNTH‘WlDU
For % + x%‘f: %S

%‘(% +7C<d )~H(X %!é)
3(&’\&% XS‘/%B\GQ— kg\L'L 5x 7 = X7éas<d'+gé ¢
3{1\5@ ‘fKS%BU’-’ mdtd 7 8 L’%/y
oy (3 - 61y )= g (i 5)

ﬂ':__ﬂ%"ﬁw -5)




AN

H. F(ND AN E QUAT(oN Fop THE LIVE
TANéE/\/_TTD THE GRAPH OF

Y+ sinxy =T +Ax AT (T
To GET sLope, EIND Ld/ BY
IMPLLCIT DIFFERENT/ATION

%(31— Sin xg):ig;@m—a&)

—g% +@DS7(3),('X§%EL + ((]UJ) < 0+4
—%%4- X(COSX@%% +ycosxy = 9
%\% + % (cos x@% = Q- % (oS Xﬁ

(l +’x(cosxﬂ")y= 4-%@5 Xy

A
b
/j%i: Q-Y cas XY
x [+ % Cos x o
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_%ﬂ_ = X = T Cos LTt
X /- _
| (X/@ ,(DT)T[) [‘l’ ig% oS liTL'
— ;2_ O
+ O SLoPE

YT Y= ™M x-x,)
== Q(x-%5)

T IMPLIC|T DIFFERENTIATION
USING  §(x) NOTATION

FinvD §/o<) L) HERE FvD y”

x>+ Qo) = (i e x4 g=t )
DIFFEREN TIATE BOTH SIDES Wit &

1%+ 4 9@@?2&) =D
9 50)F )= — X
X

/ _ —aX - "
30C) A5<)  Rx




s

3. FIvD &’3\/ IMPLLE (T DIFFEREN T/ATION
B I

SOLVE FoR g EXPLICITLY
%3: é— X3
42 (6-x)*

FIND y’ ExPLICITLY .\
Y \~ X
J = é’(é—?iﬁ 3%3)(9 = —@—x-”)%

NOTE THIS SOLVES IMPLLC)T DIFFE EQ
A A J : .
L oK X X

VY ed ) Ty
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Q™% DERWHTIVE ¢ IMPLICIT DIFFERENTIATION

FOQ ,K‘f'% ’7 'F“\)D QH
TAKE DER\VA’Y\\)C OF BUTH SIDES: (1% 647y = 0

_(x°

-—-—-—-"—"""":
)

-——éx
X
/ =

K
“ 5(-5><) (k)f_)—g
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DERIVATIWVES 0OF INVERSE
TRIG FUNC TIoNS

/.&O»FS = ‘
}F;( SN ¥ ) =

PROOF [/}_{_QICA'T(Q/_Q CASSUMIVG

OrCSIA 1S Dy FEEREMTIABLE)

Y = arcsm x  |[Fg Sma - K
| PEsysq
QVrCSIA ::)SIV\"I THE (|NVERSE OF

| MPLLC LTI DI FE g/e E/uTzA (/NG

Sin Lé
(s s/l;@—,%: /



p T R
Adx Cos L}

Smgf—c—os%f—(

Cosla | - SIV\QLC’}

i\

fosTy = | cos g [ =o1-6my¥

PoS, D&O Fok
% -1
T ' B %2["1‘1
- X

I

SIMVCE
Sin kd =X

d (arcsmn u) _ Ly

Lﬁ A Tw

| USING THE CHAIN Rute
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B. NOTE THE DIFFERENCE BETWEE N
DERIVATIVE FORMULAS W (THouT AuD
WITH THE CRAN RULE

_O_Q__—(S“/\V'x): l i__(ézy\'(u): [ .(,(/
A x T”"XZ dx N I -u*

THE DIFFERENCE = REPLACE « W TH
L AND MULT(PLY BY .’

C A swtxd)= 1 dx
A x T= 6E)R ~1-x*
D 4 arcsia e’ _,WI e @37(5
dx ﬂ _’633;)2
_ 3"




[&3

PROOF IND\CA‘UO/Q (Aisumwe
arctan 1S DIFFERENTIABLE)

%: ou‘c'fcmx [FE ’l‘cm % - AND

X
-1 <\at<%

SN

|MPLICITLY DLFFERENTIATING

Tan L(»} = K
(sec® V9L =

S S S
’&%' secifj H"Ta\/\% [+ x
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uswe THE CH/‘\U\/ IQ(,(LE
H arctanuw = | W
dx e

4 (taw(xn) = L ap. e

ememsr—

( +(Kg\) L {-{.x‘f

©- LET § )= arc'l'ay\(éh?

3
%{04: .___.__L._—-/l @3 3 = B@X ‘
) [+ @éx‘

HJ DERIVATMES OF INVERSE TRIG FON CTlons
i J (s u) u’ ____‘,(CO w) =1 ‘

T I—u“_ dx T

¥ %—&-&V\ b\} .____.-—.(i/_, gq_, (C@;fl‘): - | u’

[+u? dx l+U*
d o) = U/

P a=
d (cscu)=-— s U
”&2( Tur-|

1 ¥ KNOW THESE
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X
. SOME FORMULAS You ARE To KN OW 5
SOME Yo ARE To LooKk UP AND USE

J. LET S}(X) = :)(.514- Taw Q/SX
X+ Sec'l)c”

?/Lx\«_@uc sec"'xz”)(&x + -7-:___;-;'— ‘ 65%( ))-
C,X?\ +‘favx )( [+ L ’570'>

XL (x3)*~

( /XTL’ Sec” X3>9\

K. LET $)= [Qsc (c,o)('\(x"b]@s’(

(
S )= [ csc (&o’i'"(x”ﬁ & s) +

C@SK)[ Csc(éo‘f (x") CU_f (COT (Xl)i”‘*( ]

5@51[65c (Cof % )) +

- = T I
e
s LCSC (co‘f(x?-))

5
_ 56’5)« T+ 5}%?1‘:44!{1&4')
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1779 ;[Loé DFAWﬁTtUGij
Td Qax =L | |
A M}%x s

PROOF: LeT Lé :Qv\x FInuD cj/

£d=x
[IMPLLCAT DIFF, To F(ND é]/
Q%%/: l

(- _ | = |

/ — "

\3 &"é - QJZMX 7
o /. / KNOW

o [E T [
C %Z On(xbr) = 1 4. ax

Xt X4 |

D L (eos (It p) = ,
: . E@V\(xﬁ lﬂ [- SN xﬂ(:ix}




(X0

= vQ X:___L_l
Ja x  Ina

PRoOOF - L€T% /037‘ %wz}g

A-Qqu ’%Vl\l~9m Lnx

P ConvSTANT

(.__L—:__L,._L - d Oy,
XK a gy <8

cz_C

—
.Q % = 1, L, u’ | kwvow
U Ina TH (<

l

%‘«’P’

%. LET '?Qq: /QanKQ

%/(x\: L, L ax s 2
SN KIn'T

NOTE © Fix|= 103 x> = &féaﬁ <

$l = ;lC( é—“’)




H
. L
ef(
- Qsc¢
7,8
+
(%3¢

S'x

)_

+ = I

z—-’--(c

I k :
q . Q\XC’,SC <co
X ¢ : XU
col
Kl
)€

a
<)

4
= |o
Ja”
, @
=€

g
4 Y
I
aX
=
75
n
a
A
‘ N
D
o
EI\JQ
a: |
=L



[ Ba.

sl

Z)’.'LLoéAR THMIC JBZFFEREA)T/AT/O'\/{ |

— o
TOR %- CXQ‘{—/) (x5_3)7 Fwwd % /
BY Loc DIFFERENTIAT(ON

[ @g v@n/\ OF BOTH
O q = Hn [Cx%)m( ><5-357]

.

JZN\;\ = J)M(Kg-tl)m-tv@v\[ﬁ-ﬂr/
QN\j = 100N (6Pa)) + T Dn(x5-3)

, |
3. FIUD ] BY IMPLLAT DiFFeremTimmpy

, .

_éé_ - lo(xii >+7(Kii >

l: QOX 4 35XA(
373 XA+ =3




| % | \/ar\ding
< [B’I (varging) by L0G. DIFFE,

,QML3 = SIV\XVQ\A(COSX)
_\é—( = @W\KJQS—@LL M(wsx)} Cos x

8 CoS X



[SY

-
% J [ + @N\(COSX]C@SK

Cos x

S{n X

L el
4T @OS )Q) —smn ¥ t [J@v\ (Cosx) COSE}

Cos x

- 2@-— (Cos K )Smﬂ
A

A Only| =
AX

e
PROOE . chsE 1 x>0

%}QM\IK[:%(%K::

CASE & X <O

% x (-fz
&%Z - 4 (%) = )&

( & wow
508‘%{%"*' - —(/-((’ou = (Li, . TH[_S
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VARYING @mlj
M. _:%;(\/lHRYWG BY 1=z 2
’ SinX
L et 9 :@as 74) [ + IvD (E]/

S X / SINK
% :.(C,OS\C) " = V@W CCOSX): QSMX/&A@SX

(mx @M CoS)()Agg)(]

§/Vl 5/ :)\ —
8 (Cas )(,> [ n -t QOSX/@\/\ Cos K

SINX «&/\ Cos)(

% e [Cﬁmx )

NoTE TH:S [s THE SAme Anvswep

S WE BoT BEForpe WHEN WE
WORKED THE PRpBLEM BY

Lo LIFFERENT¢(AT/ON
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DERWATIWE APPLICATION TO<
. PHYstLcS - B \

|

A. RECALL, IF S(t) 1S THE PosITonN
OF AN OBJIECT onv A COORD(NATE LINE
AT TIME €| Then S/e) 15 THE
INSTRNTANEDUS VELoCITY OF THE OBIECT
AT Time €.

B. VELOCLTY BASics (HorizonTAL Z_Cl(iﬁ)RD(NﬁTG)
‘ £

/

[, VELocvTy = o (T.E. S;ec):o) THE

OBIECT 1S SToPPED.

( _
9. VELocITY postiTe (I E, %cf)>o>
TIE OBIECT 1S Mouing To THE
Rl dT .
, -l

3. VELOCITY NEGATIE (T.€. $t) <o)

THE OBTECT 1S MOUVING To THE
LEFT |
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C. ANALNSIS OF OBI€cT MoOTION + SULPOSE

SH)= At2-[5t° 436t s THE
PpsITION ©OF AN OBSECT oM A
COORDINATE LINE AT TIME 'é )

+:secondds  SW): FEET telo,d]
|. WRAT 1s TRE VELOCITY AT Time €7

%[CQ? (E%— 30t +34 < VELOC(TY

2, WHEN (AT WHAT TIME) (S THE
OBIECT SToPPED (AT REST)

FIND TIME WHeN S@)=o
Lt -30t +3¢ = 6
((t-st+6) =0

L (¢-2)(¢-3) = o

b= or =3

3. WHAT ARE THe PosS(Trons OF THE
OBSECT WHEN THE 0BT€cT (5 AT RESTY

S;(?A = Q(QBD _lS(QQ){BéC;B = b= 60 +7Q= 98

$(3) = A(32)-15(3%)136(3)= 549~ 1351103
= A7



| 5%

U E(uD THE TIME INTERVALS WHEN

THE OBTECT 15 Movine To THE RIGHT.
Ciub THE TIME [NTERVALS (WHEM THE
OB IECT 14 MOUING To THE LEFT

Sley= 6t =30 tH36 = f(=5t+ )
_ L (t-3)(t-3)

| €
te o) ~Fe—ot—rif

AR
el ((ea)(E) >0 Ve

PoS(TvE
pos nej - V\e—a

AR Tine
OBTIECT MOUES RLGHT oN [@,&)

-+ TIME
CASE & | t ¢ C;l)@ : Lr. ,l o— = LN €
, o L 3 Y

%Gc é({: ;)C‘ﬁ 3) <0 VeLocITY

_, Time
LIV E

MEGATIVE
JL,B
V\e’j
OBSECT movE LEET oN (&,3)

AN
TIME



|8T
@j ti@/%j - | e (e
) 3

O PN

Gter- ((£-2)=2) 20 veouy

R-L R-C PosrTive
poS - pos - pos
ey et
Pos
OBITEcT MOUES RIGHT OMN (3,4__] :
RO
TIME

5. sketct A SCHEMATIC DIAGRAM

oF THE PA&TL&,G MoTLtoN ON THE
COORDINATE LINE ((NOT ONMN THE TIME

LINE )
—g(OB: &(03),_15(09’)+3é(o) = O
Sly) = al)-1s () ¥ 260

_ aley)-IS(8)+ 14y = 3




(90
L E(vD THE ToTAL DISTANCE TRAVELLED
FoR TIME + € [0.4]
ToTAL DistANCE = [Movive RIGHT celod)]

+ Tmovive LEFT te 62;3ﬁ+
Ef\ouwe RIGHT te (3,4__..&]

— f S - QCO)’H ?(3)—?(1)‘+($C?)—‘;<3)\
_ Jas-ol+|a-asg]+[3a-27]

— 29 4| +ts = 34 FEET

ot

D. VERT(cAL CDORDINATE LinvE
(up Pos(Tve) . AN 0BIECT
THROWN UP (N THE AIR

TRAN S LAT(ONS & & ¢k) = PosITION
AT TimE €. Geooud= O

. WHAT TIME Ddogs THE

OBI €cT ReACH MAK/MUM GROUMD 1
HeEleHt 7 FIND TIME WHEN VELDATY
/1S O (OBJGLT STOPPep) . |

(T-€. EBID Ty WHEN s;/tﬁa):o)




(]

2. How WeH Dogs THE OBTECT GO 7

Finp Time €, ForR MAXIMUM
HEWGHT . evaLuate € (t,)

3. How TAST (S THE OBJIECT
TRP\UELLU\JG WHEN T HITS THE

GROUND ¢
Fup TIME Ty WHEN g;(.‘tﬂ:oo

C\VALUATE. ?’CT‘:I) |
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SuPPose  sH)= 9SE-H.91T s THE
PosiTion OF AN OBSECT AT Time & (sec)
(Pos (T/ON IN METEZS) WHEN THE O5JccT
16 TEHROWN STAMGHT WP, GROUND=0 R5TTmN
A) How HieH DoES IT &0
B) How FAST (& [T GoING WHEN [T
HTs “THE SRouND. -

A Foup THE Time THE VECOC(TY 15 0,
THEN SUBSTITUTE THAT TIMeEe [NV THE
PosTipN FoNCTION,

V&)= 9% — Q.8 t = - Q)

¥ ‘“égeg%'ﬁ;

9= 7.8¢
SR AP}
/O = 2, -
5 (w)= 79(10) =<3 (0%
? 90 — LF(00) = T80~ 19D = 170wy

MAXIMmU M HEILGHT =99 m
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B . How) FAST WHEN HITS GROUNMD
/£ Hmm’DmE HiTs GROunD
n ’
2™ pUT THAT TIME N VELOCITY FYMCTION

< @)= 98t-4TL =0
Z‘."(/?%’“’“%‘?é):@

t=0 OR 9E-4.9T=0
we WANT 9¢ = o, T ¢

' ::jj% - +
S

Jid)= 9% 7.9 T
V(20)= 99~ %8(20)= T8~ (7 6

- 9% 2L,

S
—

C.. HIGHER DERIVATIVES APPLLED TO
pHYSLCS ¢ FOR S4) BEING THE Pos 1 TLO
oF AN OBSECT o A COoRDINATE

LINE AT TIME t

[ ConTINUED OV NEXT PRGE)
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%/Czﬂ s THE INSTAN TAN EOUS

veLocITY OF THE 0BI€CT AT T/ME

e

e

5}/2%) — Q) THE INSTANTAN Cous
ACCELERATION OF THE OBJYECT
AT Time + ( THE INSTANTAW Eous
pATE OF CHANGE OF VELOCITY
W ITH RESPeECT To TIME
FOR -t [N SECONE ANMD ?(-{:) W Feer

y &)= S vurs el

0 @)= vit) =Sty v TL

| /L 5t .
INTERTRETATION 0F S°¢9)= q(4)= 332~
_l_:F THE{H’RATé REMANED CoNSTANT
AT 3A e , FOR EACH ELAPSED SECOMD
THE VELOCITY WoULD [NCREASE AT
32 Yl PER secomd (he. 3aif.
ChN BE READ 3 FEET PER SECOWD

PER ‘56(.(9:\!3,)




[A4A

D VELOCITY ACCELERATION |
EXAMPLE S 1s THe PostTion
OF AN 0B3€c¢t oM A COORDINV ATE
LINE AT TIME + | + :5€cC

S;C’t)f— ;3¢ §w) e FeeT

C/oD THE VELpcity WHEN THE
fCCELERATION /S O .

TRANS L KT 00§D St) WHEN
el ‘=0 .

)= ch 30 ¢

%1/@5): Lt — 30

6t—-30= 0

— _ TI/IME WHEN
b= 30 t= 5 ACCELERATION ($ O

J(5) =S 5)= 3(5%) =30 (s)

= - FT
= 75‘—/503 -755&_
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e ere o
L)

[EXPONENTIAL GROwWTH & DECAY |

—

A ASSUMPTION: POPULATION GROWTH RATE
IS PROPORTIONAL TO THE $1z6 oF THE
POPULATION . SAID AS A DIFFERCMHTHC
EQUATON ¢ fi)f—é =& Pt ) K onsmnT
(ok  AF _ g\p} where P(t) Is

A

THe Pop m@ﬁg@w %T TIME E

B NoTe: L»JH@M Pt) = *tj P)= KCQ = K

<o Pd)=Cef Smswes Pe)= K Pet)
LET t=0, PO)=Ce®* wC . So Pt) = Pﬁo\aké

SATISFIES P t)= K Pit). I‘TC%M BE Stlown THAT
AL sa LUTION Tp Pce) {<Pef;) ARE IN THIg Form

C i EXPONEN TIAL GROWTH ERUATION

!
|
f

Pee)= Plo)e T
SoluTlon To Pl = Kk P{f) /:
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OTHER NOTATION You MmAY SeE
For  P&E)= P) et s

D. EXAMPLE : THE TABLE DESCRIEES
A PoPutAT/ION AT VARIDLS T/MES

VEAR POPUCATION
/950 2000
/760 23 o0

L{S/AZG 1950 AS T/ME = o
AND HENCE THE YEAR /260 AS
Time = /0)

|) Etwd THE EXPONENTAC G ROWTH
EQUNTION Fok THIS POPULATI/op)



[ E

P(+)= P) @W

£t

Pﬁf\? 2000 €. siwece Peo)=a000

P(io) = 2000 6KIO* 230
= e,
K/IO 2300 _ 23

6 po
2000 T AP
JOK 23
| 2.0
V) <
on e = 10k= Ev
2.0
N
zoj’w“%%

E;X Po N
ENTIAL szu‘rrl ERUAT
CON

[ S ;D
;> [L‘) A 000D € )
FIND 7
N THE PolPUlAT/ON ESTIMAT
CORDING TO PH) ¥o o
R [971Y

[ 914 CorrEsS,
PONOS T =
P(?\%‘): KOO0 6(7%%*%)5” .
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E. TERMINOLOGY: "ASSUME THE 6RowTH

RATE /S PMP@ET/@NM To THE SIEE
OF THE PoPu L AT/ION " = "THE PoPucATiON

S ATISEIES Té—/€ EXPONENTIAL GROWTH
EQUATION.

F RADIoAcTwE DECAHY

THE RADICACTIVE MAss Decays pr A

RATE PROPORTION AL T THE AMounT
OF MASS REMA(MING.

Mi—t\: KM&)
NOTE: SANE FoRM As P/(t)-:k,%’;j

So THE SocuUTlioN To THE
DIFFERENTINL EQRUATION (S

M\ = Nio) % ¢

HoweEVER | FOR DecAN K <& |
FoR GROWTH K (oAS GREATER THAM O
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G. HALE-LLEE : THE Time For & of
THE MASS To DECAY.

H . EXAMPLE . A RADIDACTIVE SUBSTANCE
HAS /A HALE LIFE OF Q0 YEARS
AT TIME O THERE /s A Mhss oF
/002 PRES ENT.
[) Fivb THe €guntion ME)=MO)
FoR THIS PROBLEM
Nt = /oo et

@kt

K Jdo
M (20)= 50 = looe" ™
so . k3o
/00
' Ko
ﬁ = @ |
% ;;% ':/QV\ Qmo- K20
[ ﬁ L —
o XN T T
= bk )t
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2) REWRITE THIS EQUATION  T0
wHERE THE BASE /S ;!i NOT £

W)= 100 €@ 0E L (5%)
( :
/V)C'c‘:):— [ OO C_ﬁ)‘ig /

3) AT WHAT TiME Wil 30? oF THE /

/00

MPTERIAL BE LEFT?

JREY

/00 /D a\t

An 75 =0 (4T° = Lt
20 O 7 -+

TDn

T SINCE THERE |5 THE SAME DIFFERENTIAL

EQUATION  P=EP, M'=KM Foe BotH
6RowTH AND Decfw/

y'= k

IS CALLED THe LAwW ©F
GROWTH AND DECAY
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DPONENT AL @Roww &btcw (con)) i

FoR ft)= P Kt 3
RGeS PR

A RELP\T\VG SRoWTH RaTE :
(RECALL Pet) 15 T

THE consTANT

K 1% THE RELﬁT\v‘E
i
GRoWTH RATE WHEN Ptﬂ KPet)

THE GRowTh RATE AT TIiMme t

RS OPPOSED To THE RECATWE Gkom"m
RKTE | IS P) AnD 'S NoT

MNEc Essﬁmz}( COMNSTANT .

RECALL P'tt) =k Pt ) wren soLvep

YIELDS Ptz P(oY 6Kt

K, THe ReLATIVE

RATE s
gRouth K



(Y K

SO [F A POPULATION 1S ASSOCIATED

3t
WITH  PE) =200 €7 The RELATIVE

GROWTH RATE (& ,3 . A CONSTANT

)

B TERMANOLOGY THAT MeAans THE SAMe
THING.

) THE RATE of GRowWTH (becay) 15
PROPORTIONA L To THE AMOUNT PRESENT

2) THE AMDUNT AT ANY TIME SATIsT 1]
THE LAW oF GROWTH AND DEChY

3) THE RELATWE GRowTW RATE of THE
ARMDUNT & CONSTANT,

ALL 3 MEAN THRTTRE Follow APPLLES -
P)= k Pet)

.. THESE ﬂLL.
P(t)= Po)er® MEAN THE

P/(‘ﬁ) - {:\ SAMNE .
P
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C. CoONTINUOUSLY ComPpUNDED [NTEREST

lLemmn (o (l+§ﬂw -e.

W —» &0

1> S 9 (NTEREST OV Bl00 CoMPOUNED
ANNUALLY
END oF 41 VEAR |
oo + QOS)ZOO = [00 (l“’°05) |
END oOF 3 VYEARS

[zoo(mos}@os)&oo@jt,@5)3

= DDOQ-r.OS)}Q £.05) = [00( 14 .08}
END OF 3 NEARS
DOOC“f-0531]+605)1t000*.05)"‘»‘ =
LZDOUJ“OS):L](H .05) = (00 ((+.08)

CRFTER N YEARS
100 (14+.05)" « 5% 0N (00 DoLLARS
ComPOUNDED ANNUALLY



EEIN
Q) 5% INTEREST on) $100 CoMPOUNDED
SEmI-ANNUALLY (TOIcE A YEAR) (7 4 Yenr.)
RETER 6 monTHs (| FeRLDD)
oo + (*%i)too = 100 (1+ '%:5\

AFTeR | VEAR (2 PEMQ@SJ

[too(1+ f:fe)}( 5\hoo (14 )] —
[ioo H”g*)](”"%): loo( L+ ...é:)g\

AETER 3 PERI0DS
oo+ 22 )3

AETER N PERIODS
/OO (I"" 0o 05 ‘)h

3) 5% INTEREST 0N $100 Compounper
m Times R \’ZE’W N PERIONS

OO( 5@5



[94 N

1) INTEREST RATE *« on PRINCIPAL P
N TIMES A YEAR N PERIOOS

Kl 0
00N A gl IS
— | A \ ™
= b, (l+t~;’“> )
To F/ND THE AMOUNT AFTER tYEA/g \

N )

=p (l+= SR
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5) INTEREST RATE r~ ON PRINCIPAL f,
ComPoUNDED CONTINUOUS LN
AFTER € VEARS

| m\rt
| 4 —LB‘N
0 M -
W IO r .

X mlpe
Po [&g\w G%%éw) | t:
. [%ﬁ\ 9 ( | + f;\“"j T ER

P Qrf

D. ﬁ/@@ 15 INVESTED FOR 5 YEARS
AU AN ANNURAL INTER EST RATE oOF

17 CoMROUNDED INSTANTOUS LY
(ComPouVDED CONT [y0us2N) (URAT

/5 THE AmoonT AFTER 5 VEARS

T (.01)5 |
A= E, @y\ = SO e = Joo 65’35

Iy
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RELATED RATES I

A \MPLICIT DIFFERENT/ATION
INVOLV (MG MORE THAN OVE FUNCTION OF t.
% he
+‘tz) + <S+‘t3) -:’7
H/swe_s WwR.T t

—

() )+ 2(5+8) 3t = 0

— (I

TAKE DERWATIVE OF BoT

2,
L—> x =t 4 >=17
TAKE% OoF BoTH SIDES
t[& g‘"'—fij
Ly & X -
X5 T3 7 =9

L 2 . |
IN X 2 4 3 3 -7 WE ARE TREATWWG
BoTH X ANY 8 AS FUMCT loNS ©OF € .

dx AND d ARE RATES
£ "R

a4t

THTD € QUATION S tows How) THE RATES
RRE RELATED (Hewce " RELATED pAngj

s——
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5 RELATED RATE PROBLEMS GEMERALLY
L AvE Q PARTS @ 1) AN ALL TIME * MoTlon
PlcTURE  AND ) A FTRoZEV MOMENT IN

TIME
D) ALL Time MOTION PICTURE ¢

WwiLL HAVE ALL T(ME EQUATIONS
Vou cAN TAKE THE DERWATIVE OF

2) FrozeN MoMeNT IV TIME

(T Gkl HAUE SPEC(FIC CONSTANT
[MFORMATION . Yo SUuBSTITUTE

THAT CONSTAMT (N FORMATI/ON
INTO THE AlL TIME E Q@ YUATIONS
AND THEIR DERIVATWES
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C. RELATED RATE PRoOBLEM 2 AN R-FooT
LADDER 1S PLACED AGANST A VERTICAL
WALL . TRE RBoTTomM OF THe LADDER
SLIPS AWAY FRoM THE WALL AT A RATE
OF 2 5. . How TAsT IS THE ToP OF THE

LADDER SLIPPING DOWN THE WALL WHEN
THE BoTToM OF THE LADDER |S Y Fecer
FROM THE wALL?

} (MoTion PLCTURE)

FRO_EEM MO M ENMT
(N Time

. _,
AN e y, | \&
x
ALL TIME EQUATION TEW z_ g >
Ptz g° >
J “ Yo = 64 —lo=4g
| %% Ot BOTH SLOES - %o-ﬂ“éﬁ =Yk-3
e 4o, dy _ = 413
Ax Fe tAygt =0 -
dx dy _
*Fe T 3gE " O /

o (2)+ 4&’3’5{,: N Lfrgi%:—g,
4y < -5/C4vs) = G AvsweR
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D. RELATED RATE PROBLEM S AN 8- FooT

EXTENSION LADDER IS LEANING AGAINST
AN VERTICAL WALL AND STARTS ColLLAPSING
AT A RATE OF 3 FEET PER SEcCowND.,
THE BOTTOM OF THE LADOEAR |5 FIXED
AT Y FEET FRom THE GWALL . How
FAST 1$ THE ToP OF THE LADDER 'SLIDING

Down THE WALL bJHEU THE LADDER (S
b FEET LoNG.T —

FRoZeN /v\o\mc;r\(
Mo T(oN Pt@ LW sze\D

Zz St 2 "
4 b 3% 4, {&
4o o

ALL TIME EQuaTioN TV

$iey*= 2? >

X OF BoTH SLDES

at 2 4 LéOl:ZLO
+ 9 Z

0TI FE =X EE Yo=7T5 = 475
dy _ _ Az

S T 2gE |

SUBSTITUTE FM.I.T NTo RELATED RATE €
(875 v*)gi @ )3

- =18 Fr
Z% AV5 SEc
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PRGE 245,342 79 || 15 1p
1=

Ge
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[MORE RELATED RATES f

A. A CoNE SHAPED WATER TANK HAS
THE PojnT AT THE BoTTom. ITT HAS A
RADIULUS OF 3 FEET AND A HEIGHT oF

5 FEET. WATER Ls BEING PUMPED [N AT
A RATE OF U CuBle FEET PER MINUWTE, AT
WHAT RKTE 1% THE WATER LEVEL RISinG

WHEN THE LWATER 15 2 FEET peep?

Ny

Qi R

[ FROZEN MOMGA!
I TIME

(otion PleTure

et

3 FT.

5 &

X - =2

h S |
=2

- Sl'\




RO |

MoTIoN PLCTURE FRoZEN MOMCAT
(ConTs) i Time (Conty

- 3 [ 3
V= Th
_d_' oF BoTH S(bEs
dt
W _ T htdh

B T3

l
suBsTITuTe EM,I.T. INTO RELATED RATE €Q.

_ 2 dih
4 =53 T ()R

Lf/_ 36TC &"\
> T
i (28) _ _ as

| Ah
e T T o "},W,, & ANSWER
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PRGE 2465 PRoBLEM A3

C CoNVERT To Cwm )

PAGE 246 7 PROBLEM aY
( CONVERT To FEET)
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' DY AND A WERE

BFFERE“MT/;}% jseav oM PRees
e 102 =103

A . THE NoTATION CAN BE CoNFus/peG.
SOME PEOFLE USE T, So Yoy NECD To

sec |T, QAN BE USED As A MEMORY DEVICE
FoR A L-ATER ToPIC %" INTEGRATION

B. ~Ax  Rreap “"oewra x
WHEN ASKED "WHAT /s ax 2" T /5

ASSUMED THERE /5 A START PoS/T/oN
X, AND A FinisH PosiTion XK

A?C %;L 7/// "“_”—Fw“v«w/[

AKX 1S ONE SYMBo) Xp SX %
| LET %= ot i -
JET X355% ) 5k

A= Xq-x,=55-S= bk
2 LET x=5 . LET ?(1“‘9/}
AX = V% ?Cz-*L’/} S= =4
ax (AN BE PoSiTIVE

AX  Can BE NEGATIVE

3. NOTE k= X+ AKX
Ky

_,__,.——%— i o




QoY

C. Aé "ReEAD Aa”
To TALK ABoxaT Ag You N EE
l.. g = ‘FCXj A FunvcTrion

2. ax (ve x, <stAer K;—--qu#;)

;5 = —C(%,+AX>’ -Si(x,) E S;(?CQ-QC?CJ

D. For L% 5m“‘¢‘*£§ﬁ?}&xj\
REAsoN g(kl\" ‘Q(Kﬁ'&{,) ‘?(?C/ -

«3\90 ‘é\,
—._L/w\' g(%,*#A'X) "‘Q('XIJ
LRK=20 X

FOR A% ClLosEc To ) (xe_ Smﬁca)

S )] WC(2Q+A7() -5 %)

DX

'?(?cf yax = ‘9[’:([-*&7() —?(z(,) A7
Ay 4{7{, ATX
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E. DIFFERENTIAL NOTATION
Now TAKE DIFFERENTIALS OF FUNCTIDNS
oF 1 VARIABLE . THE DIFFERENTIAL OF
A FUNCT(ON OF 4 VAR/ABLE /5 A
FUNCTION O6F 2 VAR IABLES.

LET %i S\:OQ) $ 16 A FunveTion of
1 VARIABLE ,

A% or &% IS NOTATION FoR THE
DIFF ERENVTAL OF T |

DEFINITION® A{(xmm«): g/(x,)ax
| (Le. d%(aaiv,ax) :V(ﬂm A%)

SUPPOSE TEMPORARILY 4= Yoy= g

&g(x,)A%>:g/(1;\’AX:: o AX = AX=

A (1,0%) ;
(D___l__ SINCE (3 =X SINCE g/(\ﬂ:ﬂ_
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S0 A (%,,a%)= A% wHe

SOME Books WRITE AS  di = Ak

WITH THE EVALUATION PRIR (%, &%)

UNDERSTLOD. QTHE FORMULA
END OF IECQMPORAA/g (X) =

3 (XI)A‘X) %:(Yc)A'K
BEcomes

dy (x), ax)= ?Zx,)d)y[x,)u)

SOMETIMES WRITTEN AS

dy = L7 dx ]

WITH UNDERSTOD EVALLLATION
PAIR (X)), &%) LEFT OFF

F. TAKive DIEFcrREVT 1ALs V5. Thkwe
DERIVATIVES

DIFFERENTIALS ARE DIFFERENT

FROM DERIVATIVES . THE FoLtowme |
CRART SHOULD HELP CLARIFY,
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DIFFERENTIAL NOTATION CAN CONFUSE
CLERAR MINDS, BUT MANY BOOKS USE IT, SO
T 15 BEST To GET FAMIWLIAR ENOUGH LI ITH
IT <p THAT Nouw CAN AT LEAST T AHKE
DIFFERENMTIALS CLEARLY

CHART

DER\WAT\VE TAKING VS DIFFERENTIAL TAKING

TFUNCT!DI\J . | DERIVA TIve .DIFFE/?EM’TZAL_
Y= x> %’: 3x* &3:3?8&)(
4= t° Ty'=3e" dy = 35t

W= My %%;w’:(cosv"):ev dw = CosvR)avay

G . %ome Books Do NOT GWE DERIVATIVE
FORMULKA BUT DIFFERENTIAL FORMULAS °

LET y= 40 K3 dy =(os X2 )3x2 Ay

3
L ET =KX \ggo &d-; Qosudlu

&u:%x?‘&x

SOME DIFFEREMTIAL FORMULAS
Lé:: Cos L &3:——5mc«cﬂu
g = 'T‘a_v\ L &Ld = S@C?\u R

L

%: e, &%_—'— @u&u
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H. A USE For DIFFERENTIALS © To
RPPRDX IMATE -@(GRuBB\/) BY -?(S\MPLE)
WHERE » SI1mMPLE g CLose Tp GRUBRY

| RECALL &3: S0 Ay ~AY So,
R. A%: ‘?(x-mx)-?&)% Pépc)a}G&y
| Sren) % N(p) + §0gax

GRUBBY SIMPLE DIFFEREMNTIAL

t. APPROXImATE ~74.2 USnvG
DlFFERE/\/T/ALS (ie 3. ABOVG)

\/ou NEED : FUNcTioN SF
SIMPLE x, fwu GRUBBY ZG.‘-A)(

fx)=xX = x4

SIMPLE 4 = [(
GRUBRY X +rx=1b. 3
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To APPLY THE FoRMULA Vou NEED ‘?‘@ |
AND Ak . RECALL Sz 44
_L (
Sp)=2X* = 27X
1.9= KHAX = [b+4X

,;z =/6.A-/6 = AKX
Fa) x '?[X)"‘g(k)zsk

s = (e, 3 5 £(1):508) (1)
Ve 2~ 76 + '7::('1)

APPROX IMATIN G ‘m A BY DIFFEReNTIALS

(1¢y '“ = 4,025
HPPROMN\P\T[MG ey BY CALCULAToA

.32 4,0249233 59
THeY D/Free BY 4 0000776 4] CLOSE!



AOMB

PheE 252t 11,13 14 23 2

'ée.
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.

éINTRUDLLCT(O/\) To MAX/ ML A AND |
MMM IMUM VALUVES

—

|

fo

b—

N
Py -

(.}

2

LeT L= [agm
DE F(MITIOVS 7
A. ABSOLWTE MAXIMUM VALUE oF § owIspel

5(f) 15 THE ABSoLUTE mAXI mum LALUE oF
S ov I [FE  For EAcH xel, ¥ <S¢p)

{HN ABs oLuTE MAKImUM vaLue ForR S OCCYRS

AT f} —?Ce,\’ls THe ABsoLuUTE
MAK YALVE oF § on | ABove . Py

ABSOLUTE MAx VALUE OCCURS AT &
B. §(p) 15 THe ABSOLUTE MIN VALUE FoR

$onT LEE Foe £AeH e T, S S

EAN ABSOLUTE miv VALUE FoR § occyrs

AT p S, S(A) 1S THE AsBsocute mou
VALtue oF § o~ T | |
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O ABSOLUTE MAX UALUES AND
ARsoluTe M VALuES ARE CALLED
ABSOLUTE EXTREME LU ALUES (T.E.

ABSOLUTE EXTREMA <=PLURAL

5'Rﬂfukﬁ§ﬁA&50LuTE EXTREMUM
v ‘
D. ng/lz MAX ANMD M VALUES DEFIMITIOVS:

S(p) IS A LocAL MAXIMUM VALUE FoR
S \FF THERE /5 AN open) TNTERVAL
CP:—E) CONTAINING P SucH THAT FoR
ae xelh k), So=5¢).

(RELATIVE)
SP) 1S A LocAl mmimum VALUE ¥For

S IFF THERE 1S AN OPEN TNTERVAL
Chik) CONTMNING P SucH THAT For
A 72eChil) | $p) < Sy

LOCAL MAX AND LocAL M) VALUES
ARE CALLED LOCAL EXTREME VAL ec

3P LS A Lechl EXTREME VAcue

mecans A LocAL EXTRemE VALUE
occurs AT P

LocAL MmN VALUuES I PREV 16us PtcTURE

S) Avd S(A)
LOCAL MAX VALUES : S) Aub S(e)
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E. END PowTS CAUNOT RE Lochl
EXTREMA
|

:ﬁ | S \W\POS%[SDKQ, g‘o{-
Cor all x £(h, k) Foo £ T(a)

F. ARSoLUTE EXTREMA CAN BE
LoC AL EXTREMA

-

]
/ 1N\
PN | J
hia Kk
X e (%) |5 (\0’\
AeSined , So

S) LochAL AND ABSOLUTE MAX
Q(DQ) [ pchl AND ABSoLUTE M /N



2|

G. IT /5 PoSSIBLE THAT ABSoLUTE
LXTREMA ARE NoT LOCAL EKTREMA

1

A b

S() ABSoLUTE MAX , MoT LeCAL MAX
S) ABsoLuTE MIN, NoT LoCAL MY

L. LocAL EXTReEMA ARE NOT
NECESS ARILY ABSoLUTE EXTRE MA

Sb) AND S(©) ARE LocAL ExTREMA
BUT MoT ABSoLuTE EXTREMA

Sy A §QA) Are THE ABsocuTe
EXTRE MA



ala
T. CRITLCAL Po(wTSe (LEARN WHAT THEY
ARE NOW 5 THEY ILL RELATE To LochL
CxTREMA) ALSO CALLED CRITICAL
NUMBERS . |
c s A CRITLCAL NUMBER FoR § |EE
) ¢ £ domi§)

AALD { (
) EITHER Se)= 0 0oR S ()
DoeS NOT EX(ST

et

by

T, EXAMLES S$(x)= X
$00=bx Vs 5w
0¢ dom &)
9/@) DOES NOT EX(ST (Dlv,t.Sto/u BY o)
So O U5 P\:CRchL NUMBER_

ol [ -

K. E}(F\MPLEl Sx)= X, Six)= =X
§ )= & So $'(0) Docs NoOT ExisT,
BUT o 5 NOT A CRILITLCAL NUMBER

SINLE O E}Z &OW\ &)a %(x):X”[fac%

2



A L3

[ EXAMPLE T )= _ 2
041) Ix] T2 = @)

%@Q' LOC) axe S, =2

(X ?‘J’ [x|
0¢ Aom L%:)
S;[@) DoEs NoT cxesT (0 W DEMDM(NATORD
o (¢ A CRITicAL NUMBER |

2
W, EXAMPLE 2 FOR §(x)= X2 (5-x)
F(/\JD P\L_L CRITULCAL /\Jumeem

% QC X ‘5 C f)'\" CS X) - —X 4_2(57-)()
Slc)z —2x+ QCS—K) _ —3x+ |0 —dX
3 X‘/_—s .

2y B

Ss )= —-Sx-HD _ 5 (x-3)

0, A & '&DW\(%)

S)=6. Sio) Does MoT ExisT
| (0 IN DENOMWATOR)

0,8 ARE CRITICAL NUMBERS
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AlS

’lmm\w\u\) VALUES ON A CLOSED
IN TERVA L

P JTHEOREM: IE S Was A Locar MAK MU
OR A LOCAL MNMUM AT p THen

p IS A CRITICAL Numpsep (T.E
%/(70\-’»0 OR QZCP) Does pMoT €><ng>

I NTWLTON For LochL MAXIMUM *
AS LT HEABS To §¢) IT musT TURN
A ROUMD AND Come Down , | T E(THEA

Do€s (T SMooTHLY (Splen) op
WLITH A SHARP PotnT (£%5) noes not
ExsT ).

N A

— - * ‘




Al |
(EXTREME VALUE THEOREW)
B. THEOREM @ [E ¥ IS CoNT(NUDULS ON

anp———

Ca, b, THEN THERE 15 A pPe Cail)

swen THAT S 15 THE ABSOLUTE
NMAK JALUE OF & ON Ta k) AND
THERE & A c% ¢ [a o] DucH THAT

S@) ¢ THE ABSOLUTE MV VALUE
oF § oN Lab]
CNoTES CONTINUOUS

v ——

MoTE L oM A ( LOSED (NTERVAL.
o — e

c. EXAMPLE.

|

S(p) ABSOLUTE MAKX VALUE on Ia.b]
p L5 A CRITICAL NUMBER

$(q) ABSOLUTE MIN VALUE ON La.b)
% /5 A CRITICAL NUMBER



A R S
a X1 X Xy ¢ |

SCh) ABS. MAX VALVE OF $ ov [cubj
b 15 AN END PonvT

§(a) #BS. MIN VALUE 2F § ON La.l|
Q& 1S AN EnD Po(UT

NOTE X1 X2, %+, AND Xy ARE CRITCGAL

NUMBERS (N (a.b) BuT THe ARSOLUTE
EXTREMA DID NOT OccUR THERE (/u

THIS EXAMPLE |
RUT [N BoTH OF THE PReuUous

CAmMpLES THE ABSOLUTE EXTREME
VA LUES (TéMT we KNOW HAVE To EXST)
OCCURRED EITHER AT ONE OF THE
erd POIVT, OF L[abl ©R AT

A CRYTicAL Numser v (a.b)
THIS LEADS T o o0 —D




PN st ,,
E. MNeTHoD ¥For FINOING ABSoLuUTE
EXTREMA OF CONTIN ULOUS
ON EQLIOj |
l FIND ALL CRLTICAL NumBERS
QHC'Z)""/CF OF § IV (Q(bﬁ
Jore: THEY musT ge N (d.b)

2. EVALUATE £ AT THE END Po(VTS OF
Ta o] AND AT THE CRITICAL VUMBERS

(ie. Fob_S(@),5C), §),¥ea,...

%CC ) 3 |

> THE LARGEST VALUE N THE
LT |5 THE ABsoLute MAK VALuej

THE SMALLEST pYALUE [N THE LIST
s THE ABSOLUTE MIN VALUE-

b,

THis LEADS us To THE SUSULAR Y
TMVDING ABSOLUTE
onN
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F. F(MD THE ABsSoLuTE E‘XT/QEME
VALUES For £(x) = 3X3()&+/3
N onN [-%, 1)

&) ON L—g ) j—:\
WOIRK PART |)
FIND ALL CRITICAL NUMBERS N

(-3%,1)
-‘} )= x-%;l (x+ l) -+ (x-tl)ix—jy

Sog= (Xt )[%3 + (x4 '3:]
g = (xt1) [é% : ‘“j

g@:—: (2%/}(7)(’%
— ?Q%é
3 /é l\ 0 § '/C-"—({)f O (‘} éO) Do €S NOT EXLST

CRITILCAL NUMBERS (N C~S/) i)
PRE _,_.[ __l, 7> SINCE THEY ARE

| N A)ow\@)




LA O ,

FIoD $Cg), S, $ (-1 )%( ) So)

S (%)= 3C8) Sy 5(—;3(7 - ——;w
S (1) = (1Y 5(14) = 329 |

Cl-1) = 3¢-1)° (;H/ ! 3(’)(05—)—‘0
SCE ) 3CE) )= 30 s
§(0)=3(0%)(0+)= 0

$(-g)=-29¢ ABS. MIN VALue
S (1) = P ABS. MAX. \VALUE

(F:ET ;7)

FIND ABs. EXTREMA OW E- j

(. ALL THE CRITIcAL NNUMBERS
N (=5,1) ARe =5 0

NOTE: — | IS A CRITICAL /\}UMBER
BUT NOT v (=2 1)



22 |

FIND %(_"’) QCOJ Q(-/) gCD‘) |
e (B

S(1)= 3C13§(1+02'=3(9\°‘):(&
S (-%)= 3(}) (—'H) _3 34 s

S(o)=3(0Y(c+) = o

S(- ):-/ (S _ABS. MIN VALUE
oM [ - )[

S (1) =12 ABS. MAX VALuE on 5, 7]

G. NOTE: § MusT BE CouTwaous
oM [ab ) To ASSURE THE ExisTcice
OF PABSOLUTE EXTREMA

_ ' No ABS.
?Qd*’;tg K‘ MAX
ON [:"t '3 "EO} -/, ", -

’E No ABS
MIN




A

Homewogrk (

s

chq&/ X1g - S595,54

HLﬁo/

L, o
For S &)= 7(3(’54—3) E(ND
THE ABSOLUTE. EXTREMA Fokr

§  ON [-1,3]



X A3

RoLLE'S TREOREM AND MEAN
VALUE THEORE m

e

RoLLE'S THEREN T 1
1IFE D ¥ s CONTINUOUS o N [ai;

~J
(D S 1S DIFFERENT I ABLE OV (a,1),

AND (20 () = S(b) , THewn
THERE /5 A ¢ ¢ (a,]) SucH THAT

| St) = o \
( PROOE NOT Grven )

B. EXAMPLE : /E

e i l
bt

:
' 1
i a < Cy b

"THERE 15" 1N MATH MEANS THERE
1S AT LEAST oMNE. N THLS
PlecTure THERE ARE 2 ¢

/

SUcH THAT ¥ cc)l= 0 MAamery
. [ [

C, AND Cy (L.e.o ¥ (C:):Oj‘g@{) %
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C.EXAMPLE : Sy = [x| on L-h 1]
Has (DS 1S CovTimmous o [~0,1]
AND -1 = <

D S ?(l)) BuT £ s
MIT DIFFERENTIABLE
onv (=4,1) sivce IT IS \/

NOT DIFFcremvTIABLE X
AT o. NoeTE THERE 15 No
Qz(—nl,l)jugt—l THAT Sy/(c“) =Oo y

No suRPRisE.,. Tte HNPoTHE SIS of
RDLLCS’THEORCN\ /5 NoT SATISFED.

| MEAN vALue THeoREM For
DERIVATIVES = IF (D) § 15
CONTINUous o [a,b] Avb \

@ & /5 DIFFERENTIARLE on (Q, b)
THEN THERe 15 A ¢ € (4ib) sucH THT

_? (c) = —gUo\ ‘?(a\

bh—a

g N



KRAALS

E PICTURE oF THE MEAMN VALUE

(b, $(1)) %

THE SLoPe oF THE STRA|GHT LIME
BETWEEN (e, $e)) AND Cb,‘?do)) (S

WwHeEn THE MEAN VALUE THEOREN
HYPoTHES (s (5 SATISFLED we KNoW

THE TANVEEMNT Lire To THE ERAPH
of £ a7 (¢, fee)) 15 PARALLE L

TO THE LIVE FETUWEEN

(a,fa)) Avd (b, F0))



LA

F.oLeT ﬁjzy): XB—Q.X ON D}qj

I s convTivuous oN TLY] see
5 A P&LY/\MMIAL,

;l()(,) = 3x -2 EXSTS FoR EACH

X T C(,Lf) S0 ’F (S DIFFERENTIABLE
on (,4) . So THE MEAN VALye
THEOREM HYPoTHESIS 1S SATISEIcp

Hermee THéfZE /5 A C ¢ Cl:‘#) SuCH

THAT S ey = Sy - §u)
LLZ._

CEND
ONE SuUcCH ¢ |

SH)= 42-a4) = (Y-g- 5¢
$C= 1°-a¢) = (-a = —
S@&) -4 ) - 56-C1) _ 5 - 19
R 3 3
%écy— 3c*a=(9
.,;L/ .t
‘7 =47, |cl=7T | c:-=%y7
_ i Ch%‘)e —Y7 MoT ACCEPTABLE
ANSwER C = T
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G. PROOF IDEA FoAR MEAN VALUE
THeo REM For DERIVATIVES |

[ SUPP2SE -3: 1S CONTIMN LLous ON
Caib] AND S (S DIFEFECRENTIABLE
on Cayb), (SHow THERE 14 A
¢ ¢ Cab) sueH THAT $ic)= g—%-%@)

P -]
P
. ta, fe) L o

d. LET ? BE THE STRALGHT LIinvE
BeT WeEN (a,%c¢a)) Avo (b, ?do))
3 LET Qh(x)z —Rx)—aoc).
4 h{a)= —?Ca\«aéa): Ot%tbﬁ‘-jﬂo}: lf\(‘o)
5 N 15 ConT.oN Lab], kv DIFF, 0w (4b)
6. BY ROLLE'S THEOREM, THERE 15 A
c €q.b) SucH THAT h ‘)= o
7. 0= hie)= £ ) ’a’@):o
< Q&;): 61166): ?(,b)—-?(a) SLOPE Of

— = STRALGHT
b — el (e g
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H. THEOREM { IF For ALL x € (aib),

$x) =0 3 THEN S 45 CONSTANT on (Cu@
(i.c. For €VERY , x,€(a,b) ¢
X, < X5 THeN '?(K,):‘?CKL))

PROOE: |

Assume .For Ace KE C%L)
Y s0 AVD X, xa% (4b) Aup x <X,
(sHow F(x)) =‘F(K27)
K. So F 153 CONMNTIN uous ON f&,,xa
SIMCE [T 15 DIFFERENTIABLE oNEA,,xa
ALso, § 15 DIFE 0w (1 )xy). BY THe
MEAN VALUE THEOREM APPLLE » 70 [X),&4
THERE 15 A ce (%,
/
£ (e) = ‘?(Kj_)"'?(XI)

X?."‘:Xl

5 g(?ﬁl\—‘?(\&():o
L(’, ‘P(KL) ’:";(Ki)

767,) SUCH THAT !

= O:-l"—"?/@j
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L. THEoREM - IE For AL X &

’?(cx):aléx) JTTLQJ S AnD g
BY A CovsTANT oN (a.b) .

(a,b)

OLFFeR

PRooF -

[ AsSume For ALL xs(@b)/
QZXJ :jléxjo (5£/ow -? AND ﬁ DLIFFER
BY A ConvsTAnT on (qté).)

HA. LET /) ()= -F(x) —zJ‘(X) FoR ALL ks (Q;é))

7 For ALl x ¢ () Mx»znféx)-—fiéxj =2
Y. BY 1He PrREvious THEOQEMJ b s

COMSTANT ON (4ib) | 50 THere s
A CONSTANT C SucH THAT FoRr.
Aet xela)  py)= ¢ |

5. For ALl xeCal) | A)=Hog-569 =C
(REASON S + L) es A An 94)

6. For Alc xz(qt'é), pngé?cx)-éé

- F A DIFEER BY A constAnT

ov (ah).
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LS.

HOME WOR K

PAcE 285,336 1,3.5, 1,3, 18

<



=2 3 |

FIRST DERIVAT\VE ° IN CREASING , \ -
DECREASING TEST ¥OR LOCAL EXTREMHA Y

N e

s

1",“5‘&&%@’.""

A | THEoREM = [F FoR ALL X< Cacb}j Qr(xpgj
THEN S 1S (NCREASING oN (k)

— . R _ et
PROOE™ . ASSUME FoR ALL xg(ﬁcg) \'{cx)>0.
M’z—;—;ow S (S INCREAS(NG oN (ab) ).
sHow FoR ALL x,, X, € (@b), IF x,<Xg
THEN S(x)< F(xa).)

2. ASSUME n x,<x345
(S How ?Qc.)< %“(,xﬁ)

3 SINCE § 1s ConTINUOUS ON Dc,,x—;]
AND D LFFERENTIABLE ON Xy Xo) THEN
BY THE MEAN VALUE THEOREM N THERE

1$ A ¢ € (X1)Xy) SUCH THAT
FlxD-56) =Sy L o
T Xa-X|
4. S -fx) >0 3 |
5 $(x)> Fx)) Lis Sex) 2EH




2 3 2

B#THEOREM 1F For ALL XECQ:@ Qod &

0
THEJ\) 5, 1% DECREASING N (atb)

i
:
J

&

PROOF SIMILAR To PREVI0US THCO/Q&‘M

x-3. LR —| L-R —| Rl <+

S'¢co  -a S'>0 4 S/ o
S Dec. ] S INC | S dee

S DECREASES on) (—oo, -2), (a,°0)
5 INCREASES on (-3, 2)
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LeTs SKETCH
=S
Y ?bc
[ [
o | o -

a.»g

Al -(—;)3+/a<—;)
= -k \

2| —2%HR0)=

—ytadY¥= 4

D | FIRST DERIVATIVE TeST FoR LOCAL
EXTREMA L SUPPoSE C 15 A
CRITLCAL NOLN\BE—R OF CoMTIN LoUsS 9

/g>0 ¥ <o N\ '%Z(Q .
l¥ ATV CLQDEC } JT'HE/\) ) IS A LocAL

N K MAX.'\/ALUG
6 ' >0 jTHGI\) S;CC) 1S A LOCAL
L\% DEC %wcg MIN . VALUE

F (2204850 ) o

/‘81/40 I %~/4o \
bk\%wc'fewcl/( k?bec'c-?becéﬁ

THEN S () 1S NEITHER A LoCAL
MAX NoR A LoCAL MINVN VALUE

RS
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E. IV THe PREV(OUS E}(AM/QLE,/
S &) == X2+ 13x
Sl = — 3(x=2)(x+2)

0, CRITICAL NUumMmBERS

S}/<c> |- S?/>o { ?Qo

$ Dec .,l& Y (vC 1 5 PEC

SE2)=-(6  LocAL MIv VALUE
g,(;): 16 LocAL MAX yALuE

2 2
F. ForR )= ;%3(16-1) P

FIND ALL LocAlL EXTREMA BY THc
FIRST DERIVATIVE TEST.

2 - L

S ) K 3(k-1) + (-1)'x =
;:_ =

)= 3 (-0 + ()

(>

2<3



L35

)= 3x(x-1) 4+ (1)

M

| " )(”:5
Foo= (x-N(3x (K")): (=) (7 -1)
X/lg ~ xl/3
S = (-1 4(x-%)
¥ 2 *
| mBeps: O, L ]
CR(TLCAL NUMDB | ) @
i + + | o+ +
%% _ \ +\ "l'\ +
- %_{ L-R - \ (—~R — \ [-R — \ﬁ”L +
TR P S FUR (YA
Tl i B

T so | 850 §'<0 | $%0

L. oCAL MIN OccuURS AT 0} ]
LoCcAL MAC OCCURS AT "LL/T
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G, BeLow s THE GRAPH oOF
| §,, Finvd ALL LOCAL EXTREMA FoR S

o

Sey=o0 AT 4,5 c e dom&)
roe c=1,5
CRITICAL NUMBERS 4, §

. %QO || %:/>O | g_\/ O
S Dec | § IvC & 9

SQ) LochL min VALve
$(s) RELATIvE MAax vaLue
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SECOUD DER!VATLME > COnvCAVE uP)
coNCAvE Down, 27¢ DERIVVATIVE TesT
FOR LOCAL EXTREMA

A. PorRTIONS OF GRAPHS TRHAT ARE CONCAVE
UPWRARD 3

B PORTionS OF GRAPHS THAT ARe CoMNCAUE
DOWN WARD ¢

N Y

C . CONCAVITY AND INFLECTION PO(MTS ¢
(x m%ﬂ) (x, ) f (xg)

1

al { I | |
CU= CoONChAVE UP QD:@NCAUEOObwA} |

| cU M cu  *aeo Moy

INELECT oM PoINT DEFIMITION EFoR Po(ut

P ON TRE GRAPH oF § - THe GRAPH CHANGES

FROM CoMCRVE UP TO CONCAVE Dow AT P
OR FROM CONCAUVE DowN To CONCAVE UP AT P,

(2, §Ce) AND (4,5 (x3)) ARE INFLECTION Poqurs




a3q
D. SECOoMD DERIVATIVE AND ComwcAyITY -
SUPPosE L Is AN TNTERVAL .

’ 1
[For Atk xe T, S') >0 IMPLIES [ § 13
Con CAUE UP On I,

[FoR ALL xeT §'y ) <o | ImpLies [S 1S
CONCAVE Down ON Ijs

E. CONCAITY EXAMPLE @ S (y )= X¥_7,3

‘9/(7@) 43 ékzg Q“(_x): 2, X
$00)= 13 x (x-1) '

, [
e + + t
X | | + t
7. } L-R = | R-L
— % 77 >0 (l9 gu 40 j_ _S;II>O ~
%Qouuwe U P | § b | § co
X
CO:O)) Cll“l) ARE
POINTS of

INFLECT (ON
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QLECOND DERWATIVE TEST FoR LoaA/L.
EXTREMA © Surpese ce (an) Anvd §7
1< cou‘twwws oN (a,b) .

FoR S ) =0, |
F 5 ”(g,) >0 ,THC)\) Scc) 1S A LochL MIN

e

VALUE
u LocAl MAX
c)<o , THeN $() Is 4 MAX
L’[i—_i (,) ) VAL UE

NoTes THE and DERWATIVE TEST APPLIES
OMLY TO THOSE TYPES OF CRITICAL
NUMBERS C WHERE S'(¢) =0 : IF §0)
DoeS NoT EX(ST AMD ¢ /¢ A CRLT(CAL,
NUMBER THEN TRY THE FIRST DERIVATIVE
TEST To u\ecg FoR. LoCAL EX EXTREMA .,

NoeTE: THE QA

DEQWHTIV‘E TEST IS OA/L\{
toR FIMDIMG LoCAL NOT ABSOLUTE EXTREMA

NoTE: FOR THE ASSUMPTIovs OF THE ; QMO
DERIVATIVE TEST, 1F Stec)=0 You Know
NoTHw 6 ABoOUT Locm, EXTACMA TRY Ttte

FIRST DERIVATIVE TEST. (/&6):0
ConchvE t '
< UP %@)70
‘f\.,?fc):o B
| | Lo CAL MIN ) ‘f,* LoChAL MAK

VALUE ! §(c) VALUE L §(c )



=,

G. EXAMPLE 2 FOR S(x)= Qxi 33@\_&7%
TIND ALL LOCAL EXTREMA BY THE SECOND
DERIWVATIWWE TEST,

S )z 6xr—Ex —12 = (X —x-2)
$lo)= 6 (7~D(xtl)
S}/(j_‘)’::O AN D 5:{("‘):0

%”QQ):: [dx — &

$(2)= (a() 6= 3= 6= 15 >0

5= (aD-3EH -13(R) = le-l;—w
==20 IS A LOCAL MIN VALUE

SUEN= aEN-6 =—18 <o

S0 = 3EN-3C1P- 1) =-2-3+412
=1 /s # LOCHL_M VALUE

-4 |




A A

H. EXAMPLE : SKETcH A GRAPH THAT

SATISFLES ¢
®,%//<0 on (oo ,~1) Ans (-1,3)
= %16_0 Does noT EXIST

5 <o on (_w,-:)xw)
@ sl>p owm (-1, D) (4,09)

(2 3"50 on (3,9
5Ca) = 3
2 sq) =0 =T W

§ Decrenses ow C—w,-l) AND LS
CoMN CAVE Down ON (—w,—l) @)@

$ IV CREASES oN- (-1, ) AND (s ,
ConvechVE DOWN onN (L, /) @) @
RORIZOMNTA L. TANGEAMT AT Q,\Ca)) @

§ DECREASES ON (1)3) AND |4
COMCAVE Down oN (113) (DJ@



LHY3

5 DECREASES ON (3,4) Anvp 15
CONCAVE UP ON (3,L0 @/@

HOR 1 2o TAL TANGEN T AT G[,?("—U) @
S INCREASES AND 14 Concdve

ov (4 o00) A




| b4
K omE wWoR K/S

qic) jil/c—)‘j\lb) Hl ¢

poaes 295 — 296

TIn ol tion , do this 7
We are Yo have worked the ofher Pou“’ts of

these Paobk%wxs \V\\/e—bﬁ»mj the Surst
&\ N\M&WQ Jfﬁ“ﬁ . For eadh o4 these
PILO(@QQ-M;S QX\V\Q *\r\e_ \V\%\Q-L&mvx fmfiﬁ
(R any), Sl the tndtervala wWhes

they onre Comeave up and\ Concans
&mw/\) 'H\e_v\ ) k,Q«td’\ ( u‘nv\,g +hs {b(\‘%\)mms
S;\Mx &Qmwc«..)\'tue. w&o PM&LM’\ 5

Ge



A4 5

(INDETERMH\/ANT FORMS AND L HospPiTAL'
RUuLe

A OUR PAST: WE RELVED ow AL GEBRA

S ?C( < Form £

exy 2 [NDETERMIN ANT

K> |
W o 2 f Lo oy
— lmu NGl sy KT T A

B. WHAT ABouT i SIN% _ 0 INDET,
X5 0 x O FORM

THIS 1S A ToB FoR L HosPITAL'S RULE !

i sceinn,

C. LHDSPITAL5 RULE ¢ o
IF ;C%Nﬂ\: T(xy=0 Fwo«&m Btx) =0
X> A

anbd Lom ’T/(x) _ L <A NuMBER>

Xsa B'm) /16)

THEN/&M\ T _ Do Tt0 =
T34 B Loa B(x)

—




D. -

F‘

X2 0

$V\>§

A4,

/(,Uw; COS% :.;—=

A-S0 1 1

1

E. PROOF IDEA FoR C (PRECEDING)

WHEN T(a) =Bla) =
ASSUME BETwEEN "(F & "THEN" bF ¢

i TC _ down T o Sl Tha
o Bloy T = TN
Lra Bt ) B (o)
¢ T -T(a) Trx) - T/4
fo ROy, TSI
Jon Bbe) - Bla). xva TpE=—Ty
X»a z-a x|

Gade - B¢
P i,

0
= i 100

K-> a E(x)

\

sy

OTHER INDETERMINANT F&EMS

BESIDES

o

ag—

O

[ 4

x>0

t o0

L' HosPITAL'S RULE STicc APPLIES

AlLso FoR lm

x-5 02

Q/QVQle

S+ 0o




A4 T
G. CAN APPLY L_HosPITAL'S RULE MORE ONCE

M;}__&EEM&% F%MézO

L0 R T 3 Jee 2N T yse e

H Do NoT TRY To APPLY L' HOSPITAL'S RULE
WHEN |IT DoEeES NoT APPLY.

firi, 80l TE
e L LR oS X
o K ’QWI\L e O werowg (!
" =
THIS IS5 NOT AN INDETERMINANT FoRM

T INDETERMIMANT FORM O. cO
EA(A—\ oF THESE HAS A DITFERENT Awswaa,

Qw\?il =7 ﬁxm%L OJL/W\_L__,__[Lw

+ .

SO O0-ad IS AN INDETERMIMANT Fokm



A4
T. A TECHVIQUE Fop SoLving (O N3

LLX\-RCx = R )

1

L{x)
VQ 0.(~+2) =2
i~ X & *——% Mnx e
%—;0 X 0" "/7Za o

K30 =< ~
'INDETERMlMI\N‘T FORM Y — 0o |

i

A e A s,
I N\ttt e
e

EACH @F THESE HAVE DIFFERENT ANS

m(m) 2T L % —(0r) -,

X -5 o0

s °

20 INDETERMINANT



?‘*?
b
Q O
4
Wi
N W
~ | R
W
A
N
g
EQC
N
f\
»

e P e A S N S b A s e A RS T .

R R o R S PR e
e R AT : g g

WER INDETER M (N ANT EORMS -
0
0 e
° et 4
0 7 ~
pogs m Lees W Does LT

Go TO Gco To Co To
o ok | 0o OR 1

1 6R o0
0] OR. ot

————

gt
To Ewb ,Q(M (g—\ ORIGINAL PROBLEM

¥V invv\ J}V\Qé = [y THEN

J

A v I
QVM Y i,VQ,wv» ev@‘"a;ﬁwﬂ ‘Q:&b
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csc x

N, FIND  fwe (1 +sm2x) Foem 1%

x>0t
AET ‘O’l = (/*‘Sma’{x)

/é,/m//ﬁna jw\ ,%[/-fﬁmg cscx::

v —>07 250"

CSC Xk

Dok fese N dnd 14 5m2x) —
oot

o
Do jy,/umzz)ém A cos Ax

‘ f Jtsm Ax

/Z/W\«T wgn(//v‘5m 2%) wex
- é'ﬂf“?& 2
= E & ANSWE R
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CURVE SKETCH(NG WUSIMGE MANY WEHPOMS\

e T

A. NEW WEAPON: SLANT ASYMPToTES

PlcTURE"

g

INTUWITWELY | THE GRAPH GETs Anvd STAY

CLosE TO THE LInvE t&:m&-}b As K
APPROACHES =+ oo

EF(m I .

ASYMPTOTE FOR LE] -FO() E

[F (x) — (ymub:‘

X9+w



a5

B. EXAMPLE OF A SLANT Asymprﬂei

e

FIMD A SLAMT ASYMPTOTE FoR

2
gLK): X
X — |
K+
x— | /’7&9‘1‘0%-&0
@761—'3(
K +0
Cx €
1
2.
Soov= KXo (gl )+
-\ C 3 X-—I

%:‘XH 1S A 5LAMT )45)'/\(\10'7016'
FOR +Fx)=

K-—l Sivce

Q\m [ x: (\u !?{

K 500

Limn [@-H\ +————/—(K+] «Dlvv\ =]
worles K> oo

R PP + QlM 7 = 9 =0

X900 T(KA) | weeo T-& K =0



L5 3

C.JUSING MANY WEAPONS TO ANALYZE

AMD  sSkeTckl A GRAPH
JUGULAR H# 3 TVYPE oF PROBLEM

FOoR Y = g(x\: ’)C%j\l

. Fivd Aom &)
Q. FInd K- INTERCEPTS AMD H-—/NT&&C@PE

3¢ F(IND AsYMPTOTES OF THE TYPE
o.. HORIZONTAL
b. VERTLCAL
C. SLANT
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A. WisDom STELS FOR SotlvinG THis
TYPE OF (WIRD [LROBLEM

|. READ THE PROBLEM
A DRAW B PreTure

3 /\/AME? THE \/ARIABLES (Es,oecxmz..y

Look FoR THE ENTITY, I, Te BE
MAX IMLZzen oOR szmzzw)
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VARIABLES
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B. A MAN WANTS TOo BuwiLD A RECTAN BULAR
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. READ PROBLEM

Q PICTURE
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&
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A =
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POWT (/;(,s—}_) CLosesT To THE

. READ
2 Picture R \‘j‘}é(?;ﬁj
. | __'Y*—-i——«-w-—-»

3. VARIABLES | S
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A. DEF‘ o AN ANTIDE R\VATW &
OF § oY INTERVAL L |Ef FEor
EverY k£ T, F = fuy

B, EXAMPLES

o Fe) = sma® s AN ANTIDERIVATIVE
OF  Se0= (os xM)ax since F=F

2. LET S)= 3/)8\‘ F(x) '-")(,3 IS )
AV ANTIDERIVATWE OF & s/iuvce F =€
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—X
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IS AN ANTIDERIVATWE OF '9, SIN&R%
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3 LET Sz
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SINCE F AND G HAve THe same
DERWATIVE , THEY DIFFER BY A CONSTANT
Le For AL € L avTuterva Guo= Fuec,

D. The MopsT GENERAL HNT(DE/QIVATWG OF §
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{ Fa)+ C / C , 5 A _ConwsTANMT pND
F'=%

BUT |3 TRADITIONALLY DeNTED BY

Fo)+ & wiH C consipesenp

AN ARBITRARY ConsTANT

E. EXAMPLES OF MosT GENERAL AMTIDERVATIVE
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Sy =(Cos xHax Sinxt + ¢
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Soe)= 32 e
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ANTID ERWATWE FORMULAS To KNow)

G\EN. FuwncToN

MDST GenmerAL.

< ANTIDERIVATIVE
Fex)+c
N n+ |
X Ne-| X
N+ | +C’
Lyt
T Lnlel+c
e €K~+ C
SN X —Cos X +C
CO< 7( S K +C
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G. THeorem I¥ F 15 py ANTIDERWATIVE
oF -33 AIUD G 15 AN ANMTIDE RIVATILE OFS
THEN |

C th) S AN AMUDERIVATIVE OF CJC(X)
AND

fodt G&) 15 AN ANTIDERIVATIVE OF fe+g(x)

H. EXAMPLES © £iup THe MosT GENERAL
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1! ANTIDERIVAT|VES RPPLIED To
VELOC |TY AND ACCELERATON
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[. ZQP: Q|+Qg\"t'q,3‘+@0"‘i‘ Qw, ZQ Q&
221 %-l k=)

L___,:&_f ARE DuMM\I VA/Q!RBL,GS
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FE. PART\TIDN  OF [a,b |
fxg,x,,xa),wxv\§ 15 A PARTITWON
OF [ab ) IF AND oney IF (IFF)

G:XOQX,<X;<13<””<%M:5

F. SAMNPLE PoinTs OF A PARTITION
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. For Now WE HKVE ALL PARTtTIONMS
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Yy= A+ ALK= Q+3(3)= A+ =7

= 2= 9 - [7
Y,z A+3nK 2+3(34)= Q4 L= 4
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Howxe:wm:!:;
(. EVf\LbU\“TE“ @) Z(Qb )

Lo

@3‘%@;ﬁ+ L‘f) <«— USE - FORMULAS

CC) E <g\b_’7'b) <« USE ToRMULAS

2. tor Lab]=[3 7] and n=s
FIND X6, X1 K2y X3, %y , L THAT Mpke
UP THE REGEULAR PARTITION , ALSO

MAKE UP 3S0ME ACCEPTABLE SAMPLE
e * * -
PoINvTS KI)XZM* ,)3(54‘ Nk =

3. DRAW A CLEAR PICTURE OF THE
RIEMANN SumMm  For  Fuxy= Ax+ |
Fog THE PARTITION IN PROBLEM 3
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(LK€ THE PICTURE ON PAGE 30
OF THE NoTES)
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J‘THE DEFU\/H€ IMTE@EAL..

F\[DEF’ OF THE DEFINTTE INTEGRAL Fop ]
Co N TINUD US F’uuc‘tm/u $ own Fab]

DENOTED 8 $ex) dx |

S §00dx = JQ\W\ Z g(ﬁ*\cﬁk

} Nsoo 47

RECALL 0= K, <X, (X 5<onsl K,\_‘;(Kﬁ‘“-’?b

1S A REEULAR ,PAgnrzo,uj AKX = b-a
N

AN D ’)( e[ x LN ,’L;j FoR (¢ fl,:&,“.)v»}

FoR Comn TIN Lous FUNCT’(OUS TH(S LimiT
WL ALWAYS EXIsT .

S
NOTE " THe DEFN T INTEGRAL s
A NUMBER.
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RECDGM[E\NG A Lyw\T of R!EN\’P\M{\)
SUMS  AS A DEFINITE INTEGRAL

B. RECALL SHMPLE POINTS

o
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LET = v@v\ (XQ“)
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. D WHAT
C . (\W\ Z 3745 ‘fcmlyc; OHX = DEFMITE
Nseo =, INTEGRAL
, ﬁq: oM EO)’%\]?
ANSWER!
2
SB)E‘%CW\?C&X
NOTE 76,, =Xl
WAKT

[INTEGRAL

D JZWV\ (3 %4, l—l— 27( )AX: DEF(NITE
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B. UNDERSTANDING THE NOTAT/ON .

s X 15 A DUMMY VARIABLE
S AxCt 3% dox INTERVAL 0F [NTEGRATON

15 [3,5] |
'FUNCSCNM TO INTESRATE ¢ Sx)= 2,(,9‘3’7( ki[?Sj
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Plck Kf LN EK,,;..,U’?QJ AS X,

L



K97
S()= Y -Tx

S i o - 7»(&DEF levv\ ZQ J AKX

N s es L5

vQ-\W\ Z §( ?C,L /Q\w\ Z‘g &-u,(/b-——

N-580 A= No ot 151 4
_;.(vv\ 3 =3

e & - ,[ é&u( \3“7 Qu(?’—«))] 2
*—/vi\ i |4 _ .13

o ; Lf(ﬂ = L) Y Q_V_,\Lﬂﬂ
—::VQ,W\/\ ——'Z[(o'*q’%/ﬂ'/;(?\_ L//_;;,z__‘,;:’

NS
o 5B 3]
S IPARS S XAy

— \JZ\M = 1an + 1L QM _{_lé Y\(Y\H)(&V\-H)
Nnose N n i} n2 T 2



2\

= dwn b3 w)m(w%%)
‘ + L _

N>

- é+?ﬂ_<
pel

Homewokg (Pmsc 3’7’7) [7 l%!.l"i‘ M,Z3, 1’7’ l
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2 IN GENERAL STC@*J&K ~

o

(PRen. nBove x-Axis)- (hren BeLow w&g

4AREA OF B

IF{ARE’;A o A ="
AREA of C =

w—

= 7-9 1—‘52_: g

USING AREA PROPERTLES, F(mD

' 2
SO ) L/"xz &X —, -
NOTE x> +% L,L f \\

Léq‘- 4%
774‘7-'-/‘3/ Yo x>

F@W Lﬁ'b}ﬁ LA "Y/,{, Xz“ «
2 ,
S A (ke )< 4ot

REDpAS 2 ™.
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¥ INTE GeAL PROPERTIES

[ ng(‘&) t %CX) gLX, :g g(&) CQK.I YS ) Ay
b p a
X S Q'?(X)QK: CS‘QOC;‘&% O CONS THIT

\ |
3, S cdx=clb-a) |

”:C.
¢ T [ heen =
c(b-a)
a b
h d ¢
. S\g(&)&x*fg"g(l&)&x: g%ﬂ(\d&x
a L a
S - lwHot€ 'AREﬂ
TEA ) AREAS & = gcg
S&&x\&& g:{w o . dx
| o |
a .Q C
5. FoR § 20 own [ab) S‘F(K\QK?;O
: a
o - b b
6. FoR §<q on [ab] S fldy ﬁg qod dx
a - Jq

a
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(5. DEF(y ITIONS

Q.
. S S8y = 0
| o
b Q
. g Sadx = - gf""&"

H. WRITE AS ONC |NTEGEAL. ,

T 7
B |3'K‘Q@K ~“§3’K—SL<QX =

L_#T\.,, 5

(~ 5 1 Y 7 S
5’3 X-dfx + ggs - Ay - Sj%'&&t = SBg_Q Oy

l

T. WRITE AS ONE INTEGRAL ,

iy 5 1 7
| 3 d=3x &x+g 3x-Adx = - S:Z—Bx(ﬂn-33¥'1&x
T ~ 7 | /S

T 7 7 7
= S - (2-3x) dx -g 3x-2 8y = g (3x-2)dy -S3x-lc§lx

H ABDU&‘ | >

g’j’x S
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L{;{ON\EWORK \‘

e

Pree 2379 ¢ 35,363, 47

Ge
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R,
i SNV

R FumoamenTar THeorem of CALCuLus prer)

I‘Q S} lq C@M“T(A/c,wug ON Embj AAD

2 x
Foo = S&%‘t‘&t

/
L THEN F"@g\ = §Q<) R »

B. TLLUSTRATIQN : Lot g(t}'ﬁg

F p e
(x) = S Qt 5 X )
S‘ < ( ..,9 7 5 A - l

X

C. _ExpAmpLe | g F) = SW‘H

Féx\ = ‘\( [;_[_XQ.‘

D. ComposiTion INVoLVING FUNDAMEMTHL
THEOREM OF ChleuLus (PART T)

A b (F
Let b= 5';/—,:;@

Ay

\r\lod = (,f) + (15)& ) S

t\: ®

AN ExPLANATION FOLLOWS :

""-MMWW.

L.
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- RECALL CHAIN RULE < (FO@M F’(q(
HET Foos gWﬁ
So F¢k3=mi
Let )=t (Fog)an= F (40 q

xf}g )

= F(x5)5xt = 6/(+ mz“)gd P—

NoTE - Gro@oq; F(q00) = F() = g:ﬁ?z“ It

= h&) From Previous pAce, so Wiy -

EijD TAM. OF CALCULUS, PART I
4 F g S CONTINUOUS ON [a, b:] AvD |
1S ANY ﬁNTiDEK’iVATwe of § (ie. F"- {-‘)

\THEN g S8y = Flb)- Fay - [1-1]

NoTA’T (ON _
DEFINED

———




) | 2
S%x “Trds < D 3_%%)@I _
36026 ) - [1)-269) - 2
A N
Fi(s) -t @

EARLIER WE CALCULATED THIS lNTEér?AL BY DEFWITION

6. S SIA}L&K-[CDS 'K‘}
(-»cos ) - (c057\~ —0—( 7»% vf'i

| |

/
3
H. S)W&Kz 3 L’ |+ z&‘“'g["aw"\;}

T3 7

n L
= 2 [ tax'| -—’fq,uc’e—i' =%E%*%] A

(-3 = 5[%]= AT\ ==

1

"
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I THE FOMNDAMENTAL THEOREM OF
CaLCcutus RELATES THE Two FLELDS

OF DIFFERENTIAL AND [NTEGRAL CALCw(l ws
To GETHER.,

~ 1 X:L
7T, S 9t S .
D" o Tt B D/x“ _ qT-ET -

_ LT g
B Dx g —at 4t E—-;L(x"‘)
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F(bt\/\éwc‘)/i(i

e |

PAGE 3882 18,11, 13,3 | 5,17

19, 20 ) A2 A5, A6, 953 9, 3;
23, 35,36 37))@3
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[IN DEFINITE INTEGRAL

A FU/\;Df-\N\ENTﬁL THEoREM OF CALCuLLy

SHowsS meoegwmtucs CAN BE USED
T0 CALCULATE DEFINITE INTEGRALS

If Féx): ‘?oc).) gk&x\&x": F(b)- fia) = [Fm)blb

ANTI DERIVATIVE NOTATION WouLp BE
HELPEuL,, ., NOTATION Anp A MNew NAME

5 Com\ng {

E. NotATIgwN
o) Sg‘@gg,x IS " THe INDEFU\HTC

IN!E‘@RAL, OF $x) WiTH ResPecT To i
C. DEF(N!TJDI\)\

Sgud&x = ch) + C

|F AMD oMLY [

Flx)= ¥ o)

D. NoTe ngila@x: ’3<3-+C’ SIMCE

S0)=3 pcq‘) Fix)= ><3) awp [ F (x)=3x% = ‘F(xj
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E To cHeck To SEE IF AN INDEFINITE
INTEGRAL ANSWER 1S CORRECT TJugT
TAKE THE DERIVATIVE OF THE ANSWER
ABUD SEE IF THAT EQUALY WHAT IS
BETWEEN THE g AND THE da

T ds

F. TS gé:if&?&x = X+ fxfrc 7

.
Dx(fvf;'?c +C )= 3% 64 v0

= 37(1'{“7(;5
F DISTINCT/ON BETWEEN DEFVITE
AND [INDEFINITE [NTE ERALS

b
DEFINITE INTEGRAL  § Seadx
A NUMBER

INDEF(N |TE INTEGRAL S'FLK)&K_

THE MOST GENERAL ANTIDERIVATIVE

A FamiLy OF Fuwcﬂews OF THE FoRmM
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B. SOMETIMES You MAY SE€ MoTATION
Like THIS"

| ‘“D,K ggcx)&;g = %(9«)
TLLUSTRATED

‘ ? .
D?( §3X2&)Q = D’x(’x "'C} = 30(9‘

H.  OTHER NOTATION Nou MAY SEC

) Flade = Foec

OR

v ng Fadx = Frogt C

v

TLLOSTRATED

% D% dx = QB#/,QK =t
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T ANTIDIFFEREN TATION FoRmuLAS

WRATTEN IN INDEFINITE INTEGRAL
NOTNT DN
N - |

SIX Ax =

et ga[z&xfﬂmhhc

Y\-—lr

g@k&x: g SQosx&x: sinx +C

Ssmx&x: - Cosx+C 5 el «&x-+w\x +C

jSECX+&hx&A: secx +C ST“"‘“ &x Sin ?( t C_

2 3_?3%—_“ :53:&%—5&&
7% Ak X%
2 = ' .3.,« .—LQ.,
= géﬁ&—«%ﬁ\zL:S’an‘—SK Ax



3_————»);(. —‘5,75_,,.&@: gxijbxzntc
—~ J-
2 2.

NoTeE TWE PROPERTIES OF ANTI -
DERWATIVES USED

Sc?m&xzcggm&x

S ¥ ooyt o A = q‘? . ‘Qﬁg‘&""’ &

AS Nou GET MORE FAMILIAR WITH
INTEGRALS You CAN LERAVE ouT

STEPS AND DO

——
2

-
5574 5% dx=3 KX _-5%"4C = ah
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N S SN 8 fg - S A SN Lo g
sSin B - . B Y
LA ©

NOTE : Q?Qﬁ@&&ﬁa[ame+§]

= A& 6+ AC, = dsm e+

T A CONSTANT
- LET AC,=c¢

| HELPFUL SOMETIMES TO0 EVALUATE
A DEEWITE INTESRAL BY FRST Finvpipyg

THE (NOEFInvI1TE INTEGRAL

T
37’ Tawn x dx
O seéec v

Time ouT gﬁmx& =§
Sec X

Secx +qv\xcﬁ><

Sc,osx SN g _ —c
2 dx = \ sinx dx 0s ¥ +C
TlME (N

J/ |

S . TM\K‘:Q& [CDS'?CJ :”——C.,DS‘IE‘ ("CQSO)

0 Seck |
— =0 ...C,@/)‘:i |



LH OME WoR K:ﬂ

PRGE 397 -
17 ¢ 1)515["11?}1(,1;%[5‘,{,@
1018 43

T /’k/ =% [F k20
—% F <o

\ ™ b
Yq&x)&x: g ‘?&)&Hg%o«z&x

be



BASIC
KNOWLEDGE

QUESTIONS



MMAT 20\
BhSic KNowLEDLE QUEST/oN

|. Glve THE BEFMITION ©F A FUMCTION

2. LET § BE THE FumcTion ?Clm)(‘)}@, (‘//13}

S = _—

3. FoR A FuncTiod DEFweD RY AN EQUATIOU)
THE INDEPENDENT \VARIABLE (S

Nssoc(ATED WITH THE TERMS OF
- THe ORDERED PAIRS “OF THE FU NCTON

4 Sl0)= 3pPe e+ Slath)= _

5. YoR §x)= 1/_‘—&-[“‘?; &om@):¥

6- IS THE BRAPH AT ThHe

RIGHT THE GRAPH OF @ |
FUNCT(0N © way or

WHY NOT ? — x
T. WHAT |5 THE RANGE | Lj&
FOR THE EOMCT(ON (1:0)

RT THE RigHT

(3\,13 m (1@0

— | “~Af5-3)




_&-
/mm L2\ BASIC KNow LEDEE QUESTIon <

¥ . REMOUE ABSOLUTE VALUE S16MS
ACCORDING To DEFIN ITION | TELL WHY,

K L= X L%>3
)
{

l
|
v T 3 ‘a

»(%(:

| %Y | =

q. 5\9\—% =

0. Sec (% =

o]

]. QoS (80" =
2. sSec 00 = |
13 |+ Fons 6 = )

| 4. cos” & = _
Iy Cos2 0 + 5w e =




3

QUESTIONS /6=24 ARE oM (TTep



/7L

LMM 2L BAsic KNowLgd6g @u€ST10N\5A§

q
A5 Does Qtvvx %LK) exist? 3
2L

Y, 3
TE ges, what s 17 :
. ‘ , ‘
2t §()= T

L7. TO EVALUATE Qw\ i X¥as - 5
X290 x & )

 MULTPLY Top-AND BoTTOM OF THE
FRACTION BY (UHAT 2

2%. WHEN X /S NEGCATIVE [ WHAT IS
THE vaLve oF [xl 7 WhY?
X



5
MAT 13 Bagic KNow Ledse a)uesmm}

———

2. Howd 15 Vth FLK) "] READ7
’ X—> —~ 5"

BO-XICOI\)SlDER THE GRAPH BELOW

0

{.‘J-.

_’,_.—-03—5— T T o —

|

)

l

|
R .
'z.

|

)

|

\

&\M ‘?OC)'-" QW\ ?0()

x> T x|t
_QL\N\ 'FO(): Q(N\ ‘?(X):
x> | K237

Dim L) = VQ,LW\ 'F(X):

K2—-7+ XS -2



& |
jﬁmr 121 BASC KNOWLEDEE QUESTro s >

——————

3l. GWE THE RIGOROUS DEFIN (Tlo N Lor

Qi 3x-7 = &
76“95

38- WHAT ARE THE FlrsT 3 STEPS oF A
RlGoroOWS PROOF o Qm« 2%-7 = g ?
(OMIT SPECIEY(VNG g ) X5 S

| [OM (T 5PE£1FY/U6 S‘) -L/

24 NAME S(x), ge) ; and Q" wHere

%@gvc\\ [ $) +909_| 5 Lown £0) ¢ Dimn q0¢/

KO X3a
35. WHEAN (5 1T TRUuE THAT

u@/m [-Fuc)-l- 3@] vQ‘/W\ ‘FO() + QIN\ ﬂ(x)

k20

36 MAME Fu, 9&), and “0" WHeee

s o g #f o o |

x5 a



5
JIRT 12 BAsic KNowLEDEE coa@swm:ﬂ

37. GWE THE DEEWNITION o F
515 CovTivdous AT §

3%. GIVE THE DEFMNITION THAT ¥
IS CONTINuouS on [3,¢].

39. NAME THE PLACES WHERE § HAS
A REMOUABLE DISCONTINULTY

| i ® ._ o\:k
e
K-> —00

Ax>+T
E
41, To VF\L(AATEX%lOY\'O\ v

MULT(PLY ToP AND BoTTOM

BY _ _

< TATE THE [NTERMEDIATE
VALUE THEOREM

H,



Y
]W\T ) BASIC KnguLepse CQuESTlONSj |

H3. Gwe THE DEFWITION OF THE
DERWVATIVE oF § AT o .(-?’(a\:_,B

T4~ WHAT 1S THE GRAPHICAL
INTERPRETATION OF S/(q)

45 IF ?(‘t) IS THE PoSiTioN OF

AN OBIECT oM A COORDINATE L|NE
T TIME €, Men S) s

4L GWE THE ZOWIVALENT FORMUL AT(opM
/ o -— T ———
oF §'¢a)

HT [ (330)2 2% ¢

h->0 H (0&)
WHERE  F(x)=___ AND A=____
4. 1IF W= §(W)

W l’\etcgkx (FeeT)
W e wWett (Pourns)
THEN

SN 1S THE /wsmnTANEOUS

. ___  —— OF
W (TH RESPECT To
U (TS5 —




9
m\T 21 BASIC KNOWLEDGE QUESTIONS

t9  Glue THe LEWBNIZ NOTATHON FoR
Sly) WHERE g=T0) .
Co. IF *? 1$ DIFFERENT(ABLE AT a, s

£ MECESSARILY COMTINUDUS AT q 7 IF
No , 6lve AN EXAMPLE OF £ AWD q

sp TUAT § (S DIFFERENT(ABLE AT
a4 ByT MoT ConTiNwous AT a .

5/ LF $ 15 covTuvetous AT QA ts-?
NECESSARILY DIFFERENT(ABLE AT
I[F VO, GLUE- AN EXAMPLE OF § AMD
O, so THAT ¥ (s coNvTNvouus AT
a But MoT DIFFERENTIABLE AT @ _

52 EFPLAWN WW THE GRAPH /

AT THE RIGHT 18 mvoT THE
' |

GRAPH OF y= ¥ix) wHeERE /

¢ e

53, For 4= §¢><)J G WE TRE PRIME

e

NeTATION  FOR .
‘ a—gl-x&
534, A Tx

A%



(o

th\m 12y BAStc KNOWLEDGE CQLLGST(O/U;\

Bt PR Soy= 22 Ewe S
Syty

STATE Awswea IN FORMULA FoRM |

5¢. PR Six)y= (3 QK>(§ﬁ+9~O) END Q/(K)'
Do NOT MULTIPLY ouT ,BuT 5TAT€
ANSLER IV FoRMuLA FoRM

56 . LET S§(x)z S

5‘7"60 OMm{TTED K o S:(.X -
itm Sin T -
t-20 t - _—

é:)\_ g% CCSC x) =

o

43 %’—x (fav\ 1:)

ofF THC

J—

(5. GWE THE FoRMULA Foe THE
CA(M RuL.E

. aQ x+"l~
ot Fx & .&)8_

accpp——

Ax (o



. | {lw
{BHS/C KNOWLEDGEE QUES Tmugj

6q9. Assame y s A EUNCTION OF x -

a d(y?)=
b d_[37q")=

73 FoR \sc-‘?oq) GWE THE PRIME

NoTATION For 4%y

;_74'.. %E(ﬂm(ﬁﬂ):

| 4 ( Dox (xR =

5. ﬂ< g +|3\~

9. TF ) 18 TL—\E PoSlT(‘ON OF AN

OBIECT ON A COORDINATE LINE AT
TIME t THeN S7(¢) 1S THE _



E4N

[

[Bfmc Kwowz,eaée“cpu@m%]

B Suprese @) 15 THE PoStTion OF AN
OBIECT ON A HOR(ZOMTAL COORDIN ATE
LINE AT TIME £ (PoSITIVE To THE

RletT)
d.. QOHEN Do€s THE O

tHe LEET Y
b I HEN s THE 06

:75_P>SqPPos€ S&) 15 THE PosiTion Of AN

oBTecT THROWN STRALGHTUP ALONG A
VERTICAL CooRDINATE LINE ( uP PosiTiuE)

BI€CT MovE To

JecT sToPPED

o) How Do You F(un MAK(MUM HEIGHT !

b) How Do You E(up How) FAST THE
OBTECT |8 TRAUVELUNG WHEW (T
H(TS tHe G6ROUND 2



IR | ‘

A _GM‘/E‘ THE E‘XPQUE/UT!AL- GROWTH E QUATION THP\T

78. FOR A PoPucaTioN Cou
RATE , THE RELATIVE &

/.
VTP, Pt) is THe GrowTH
ROWTH RATE |5 THE FRACTI0N)

0. FoR %z g(x\lcp\ve THE DEFINITION

Jl . Fok %: SLV\'X,Q) &3:

3L

) NAME WHERE [ocAl EXTREMA OCCUR
THRT ARE MoT PABSOLUTE EXTREMA
) WHAT 16 THE ABsoLUTE MAX VALUE !

5 1T A LecAL MAX VALUE 77

7
LUE ¢
3) WHAT 146 THE ABSOLUTE MIN VAZZS

16 [T A LOCAL MmN VALUEZ

3. DEE(NtTION oF C 15 A CRITICAL
NUMBER Fobk FONCTION S -

EnTAL: OF - \6 . CL% =

&



I7

L‘BP\SLC KNOW LEDEE QAUELSTLonS MAE

R STATE THE METHOD For Fiwowe
ABSOLUTE EXTREMA OF Conv Tiwuous §

ON - Ecubj
g5 S&)=x" Sz - X

%((o) Docs NOT EXusT, WHY s 0 NoT
N CRITICAL NUMBER ForR § 7

|

3¢, STATE RolLLE'S THEOREM

7. STATE THE MEANJ VALUE THEOREM
FoR DERIVATIVES.

TE. COMPLETE AccvRd&E To A THEOREM
wE STUblEs: L FoR ALL Xe(aib),

{
£ 04 = 3 lcx), THeN

¢ |E Toe ALL X € thb)54/0cj<03

Then § on (aib)
Q0 . / / C 15 A
{ %40{ 5 >o \; —  CRITIcAL NUMBER
N . = For CONT., &
>E) s A _

—



/S

[?AS(C KNOL«JLEDGG QU ESTIONS MAT (2

FH, IF fg“”<o ON Cq(b))THE)v 5;3 LS
[ — OM (ab)

2. TF S Is ConTINUBUS on (a,b)
avd e ¢ (a,b) AND SCe)= O THE

¥ S'e) >0, THEN S 15

Q3 SuwpposSE THE GRAPH oF EuncTion §
CHANGES FRom CONCAVE UP To Cow cAvE
“DowN AT THE Lot P ON THE GRAMH

OF & , THew P s

949. For liw SWM X poes ('HoSprALS RuLe
X -0 X )

AP 2 TE NES, LOHAT Form 15 1T (N THEN
APPLNY L HoSPITAC'S RULE To 66T THE ANSWER,

5. T@ APPLY L HosPITAUS RULE T0 THe Fogm
1% LeT 3& BE WHAT Vou WANT To TAKE
THe LIMIT o (IT-€. ou WANT \_Q,IM LJ)

Fwd  lim I ‘3 = g
THEN &‘Mﬁ — - —
QL LWLHAT z‘s TtlE DEFW ITION Ton = K+ | BEME

A SKWT ASYMPTOTE Fur Sx)= X2 9
x-1



l¢

BASIC KNowlenge @UESTIONS MAT 12\

97. LHKT ARE THE  STEPs LISTED (W

THE COURSE NoOTES FOR Soluing MAAMIN
WoRD PROBLEMS ?

NO QuESTronvS C[S’j)?c’w

J00. WHAT (5.7 .H..E»MO..ST GENERKL
ANTIDERIVATIVE ForRr

Sod= x>
%Q&\z —,}Z
Sey= 5
T
%Q(\ = S

lo | WHAT 15 THE VALUE For THE
ACCELERNTION DUE To GRAVITY 4



171

THERE RARE No QuesTions NUMBERED

[O2 — I 1™

3
e, =17 -
L=
n *
llg 2 A =
L=

190 NAME A PARTITION OF [I, 4]

Io1. GIUE THE GENERAL FORM
EoR A RIEMANN Sum A Z NOTAT /o1

[2Q. ForR A REcULAR PARTITION OF
[35] witd =9 Ax=




e ¥

S

P e

[DEFIMITE (vTEGRAL
123 WHAT EQuat(own

s e R e

QuUES TIDM.SE

VS IV THE DEF(MITION oF

A DEFiIpvITE INTETQ!ZAL b
S gxcx‘;&kﬁf:
) A, *
b
S\ gi)ﬁ&)ﬁ\z
1
"
LS
S 38 =
a war
g 3
a6 Ty g
3 —— SW

FUNDAMENTAL THM OF CALCuLyy
027)  STATE THE Fuwmbd AMEMTAL THEOREM OF
CALCU L US
. PART T
b. PARTH

/ L% . D

X
* SWY/th“d(t.::
- D 5%7/%"“%:—
a

124

2
/30 S 3x° Ax=

| o S To (| the
- B | ﬂi‘ez, <}
)31 5'2" SInK &K = & E ?"‘*
@)



w o
(TNDEFIN ME INTEGRAL QUEST/ONS )

2. S5 Ex
o “F
[33. S ——— Ax
/- X &
/24, 5 D, Foa)dx =

I35, D §$o<>&z< =

- )

[ 36 . ngm y = 7<FS+C ,H— )=




TRUTH GEMS

THE ANSWER
IS IN
THE BACK OF
THE BOOK



T6- |

TRATR GEm

BE IN THE WILL OF Goo FOR\

~ WHAT Ypu Do

e TR S MR

A. (Rom 15:32 ,«“H'\(ﬁ L YV\OV\A Come
1o \/o(,L L 1t ? 4 bg The WILL of Gop

e g )
Oveammnsra.

on& may be ‘re,‘;re,slf\eg ’t‘oca ether
wtha You

F. I Come —ZLO \/O(,L [Y\ +he, (A)U-(- OF 600

w T dj and we wil) have ‘reg(\re,sl'\ma

mMath |

C. Bemi W\ -\-\,\Q Wwite oF Gob Tokin
This course and %a\*\/\ %u\\g
L»Jtse.hé3 s"(u&%ma Nou w‘\/\ Q‘%‘"

D. Q\EB \_9_,,35 For %ou \\ave, \'\66& o’Q

éﬂ&u!‘ance, 50 'H\Off OQGK_QJ— aoq hO\\Jﬁ
&DV\% the UJ(LL OF GOD Youw wa

=== 9

e ce we. The P ToMmuise |




TG -2
TRUTH GEMm

f\b\)lsbow\‘{
A, ,OJ'LSDO.'M-' Is THE PRWCIPAC

TRING § THEREFORE GET WisDOM . AND N
ALL Nouh GETTING, GET UNDERS TANDING

B DEFINLTIONS®

. KNOWLEDGE © FACTS, GAINED
T INEFORMATION |

. UNDERSTANDING * WwHWY A FACT 1<
A FRCT .

3. WisDom ;| BEWG LED BY THE SPIRIT,
KNowING WHAT To Do AT ANY MoMENT

C. PRAY For wiscom IN FALT£~|' TJAMES [ 5

Ir HNY OF \Iou LACKS wtsooM LET Him

ASK OF 60@ wHo GWes To ALL L BERALLY

AND wrn-\oucr REPROACH AND IT w(Le BE
GLVEN Him



T6-3

TRUTH GEMm

t

A. (AcTs ] o§ a\\ hat Tesuy
BEGAN bethh to &o anl ‘(’e_a((,\‘ ™

_B. "ﬁn&q%a.é\ He BecAN -+,
' TQ-&(,L\ L)td _H'\C seq . " ' |
C. For a Task 1o be ace omplishe
Nou w\uﬁ BEG IN .
D . BEGINMINGS :
|. BEGIN 1p sel yaarsal{ as & |
Sarthfud | qood math sTudert

- See changes vou need o make

3. See anl \earn Besmwnmivss

ot A ke cont PADIGI\@«VV\ “’\'U]oeg

} .




Te-4%
TRUW\ GEM

FERESS N

A.(PLP 3:12) NoT THAT I KAVE ALREADY
ATTAINED ... BUT T PRESS oM, THAT T

MAY LAY Hord of “THAT FoR WwHlcH CHRIST
SESUS HAS ALso LA HoLp OF ME .

B. LIKE A DisTANCE RUMNER .OR
CRUISE CONTROL -

1. CovsTANCY STERDEFASTVESS “Goop
2. PATIENCE Powep WoRRS

Q. PRESS ON QNCLE Dove wiTH A
Goop ATT(TUDE (NOT AT LAST MIMUTE)

Cea éj ... THAT No Bo. NOT BECOME
SLueetsH (LAZY), BUT IMmITATE THose

WHo THRoUGH FAITH AND PATIENCE
IN HERIT THE PRomises




TG -5
TRUTH GEM

{T COMPLETE IT k

A.(PLP I26) .- - being confident oF
this very thing | thaX e who has

BEGUN A qook work n you will
SDMP.LET‘E 1T uvjfd the dqn Og
Jesus Christ.

B THINGS God BEGAN & (M WRis WILL Gab

Guves ABLLITY AND PRovisioN To Co_M_PLETE‘
[ SEE THESE THINGS THROUWGH To THE €MD,

R VICTORY (5 SWEET

C THERE CAN BE BARRIERS TO BREAK
THROUGH AT THE EWND,
(. LIKE A TAPE AT THE €D OF A RACE,
2. Like THE S00~n0 BARR(ER,



TG -6
TRUTH GEM

[@l—f CESsTARLLSHED \

s

| (‘\\ Hn&\ﬁ ‘\'\:\ebe’du‘tg
Lorl our God be upon us, an
ESTRBLlat\ the Work o\ our handl s geor us,

B. Be 65"\'0;\0\\5\/\&9 v The
BEGIN - PRESS ON - COMPLETE IT C%Clc
Xor worK\hﬂ P\(\o\o\‘&Mj

C Be @Ja\a\l;\/\e__i) \V\Kv\ow\v\j ho (o ’to
work cerlan Prolo(gm _t—‘dfeé

of the
Q

D. Hebrew Es""abhs\«\e@ = Koon -HAM%S
| b/Lou,@\J o c_ov{koover"\tk\_e, e,LL.;@Le.vxce. Lke

L Your hO-T(M"L +o gal‘\'\/\?uwa S’kugv
2 Your oleilify to woork celain problem Ty pes
E To learr\ betle - how *f‘e Le ESI/BUSHED

(@5 54214 T vighfeousness Yoo
5“&\\\06 E;\STAB LISHED

2. We o) leam_ O{ \_lC&KQ:QOLLSV\Q,S‘S




T6-7 |
TRUTR GE M
LR\GHTEOUSNES_S]

A @an aj For HQ W Sinigly The werk.. ~
and wit 1T skor‘t fivs R\GHT Fousnpss »

B. RIGHTEOUSNESS = RI\GHT STANDING
WiTH GoD BY FAITH .

m ond be g%oouﬁcQ W P\\M Y\O—\_

\”\O\\I\V\a YY\ (OJUNR pt \mﬂ\ﬁaousnessj w\r\\c\l\ |
s Svrom 'V\I\e, \aw bul theX which <

‘\‘\r\r-ouﬂ\(\ %aﬁ\/\ W C\Mws Hr\e,

v\q\,ﬁeeuswe%s u)\/\ LL\(\ LS g%r‘o'fv\ 609.
by Soith .

C. BEING IN THEe WILL 0F GoD FoR WHAT
"You DO, IN RIGHT STANDING WITH (’70@

THERE 1% GRE AT LlBERTY Ar\u) .SPEEDuF

ENRANCED Acce LERATED LEt"rRI\I we)




TG6-%
TRuTH GE M

\ R\em—eousN £$S - sHALoMj

| =

S (R1GHT $TAMDWé) |
P\ _IS 3a: 17 THE WoRK OF RIGHTEDUSNESS
wikl Be PEACE ( SHALom - NOTHING

MSSING | NOTHING BROKEN, COMPLETC.NESS
Hgm:m PROSPERITY | SAEETY, PEACC>

B. THE SHALOM LEAfwqu ENVIRON Mg/uT
TEACNER &5‘ruBEMT AT PEACE AS

THEY TEACH, STUdY | TAKE TESTS, &
GRADE PPAPERS |

C “LeT RIGHTEOUSN ESS woRK FoR You "
(Eo TAMLOR)

D. SPEEDUP B\( LEARN ING [N A STATE
DF SHALUN\ __ L
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tRlGHTEOMSNESS - BOL,D *

A GR— 28 D THE wcheD
ONE PURSUES | BuT THe

FLEE When NO
RleHteous Age

RS Bolbdb As A LionN

B-@R' 30:30) A LLON, WHICH IS MIGHTY
AMoNnG BEASTS AND DOES NoT TURN
AWAY FRom ANY 5

. L-EHR-I\)\MG |S SLOWED DPownN BRY

WiMmpILY, TIMIDLY TURNING AWAY FRoM
SOME MATH PROBLEMS .

D. LEARNING SPEEDUP BY BoLbLy

Cl/\j 'D\CCORDAMC—E LI LTH \lUuRVRlGHTGOU“S
/\Jp\"[‘uueE) TAKING OV THINGS ©N
\,wg Ppm\ P\r\ID CDVGRCOMWG |

E NEXT Bouwess /wo Humu_m
No’t CONTRADLCTAR\/
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[_FslGHTEeLLsMess: BoLD &HUN\BLE]

A.PLr a:2a) He (Sesus) Humpled

HimselS and became obelient.

B Sones1:6-70) ... 6ol vesish +he

Proud, bLJ \\;es race To the HUMBLE
T\/\e,wc?o e Su\omgﬁ 't‘a 6ol |

C. HUMILLTY Go G0l waa no { Jour own
W&ﬂ‘

D. Some PPOM@N\S I+ Takes boLcQV\st
o solve . A Talse V\uw\\\(‘( &Ocjrme

Conn Cause SOMRONR To L;JLMP G‘J\x CLV\Q

be Aefleatel.

E. ke,wa 15 Q &‘Q{e_revme, loe*wee,n
boL@!\ees QV\& QQCQFQ.SSLOV\ -
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TRUTHR G EMm

EOSN

mTH _ No FEAR

AR

Do NoT BE AFRAID, onLY
HAVE FAITH

o~
[

B FEAR 1S HAVING MORE FAITH v THE

PowWER OF THE DEVIL To Do HARM THAN
THE Powck OF GQD TO Do GooD. Philyp Dcrhc.r\

RELIEVE<

C. FRITR 1S LIKE PuT"wé (T Iy DRWE
DOUBT S LIKE PuTT(NG IT (M I\/EL(’TRAL)
FERR 1% LIKE PUTTING IT (M REUERSE

UNBELLEF s LIKE PUTTING [T IN PAREK
'U'olm\ PCLU.L

D.(Rem 12 aﬁ Do NoT BE 0VERCOME &Y
EviL, BUT OVERCOME EUIL WITH 600D .
GOOD oueiecanl\cs E:uu_ S0 DO MOT FEA&

E. FEAR HTTRALT_S 'rHe FEARCD THWG FPmH

15 THE SUPERNATURAL CONMNECTION T WAT
RECEWES THE OVERCOMING BG0Qd - THE THING

BELIEVED FoR oo MFTH UMD ERS TANDING
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GRACE

A. (L Pef Y lD‘m s cach one
has, rece\Veld a EIE 3 W\\V\LS)Y@_P ﬁ‘"\'o
ONe QV\o‘H\@‘ Qs o0& s‘ﬁewm\&s o%
He manSold GRACE 65 Gol .., If

ANA 0 NS W\\V\Lé)YG_WS let Wwm do ' as
Wi the RABILITY whiedn Gol SLL,D/D[(QS..,

F. DEENITIONT GRACE - Gods ab:h’%
31“%1’ 1o live awl guvxcjtor\ m the
%L‘H'S and Cal\f\r\cl\g . | |

C Gyace IS pcu:\‘ OQ 60(9’5. Su,oarnihtmxﬂ
| Pt\ou'-LSLC.JV\- o do eXce\\eﬁﬂU Whet 5ol
has calle ws Yo do | |

D. @ 'Cm 7:8) A n& Go@ -~zs-al¢l¢ ‘”'-?)? mmﬁé’, -.
QL\ GRACE | d,\AOULU\.Q "t'ouJCqu Vou. thet
NYou, ‘a\chUjs .\/\a\){vxﬂ o\l 3u{"§\¢1e.mua

N -a\\ ‘H/\ fvxqs ) Ma«a‘ have awn aba,w&cw@;
Sor évawa ﬂ@o@\_ o rl
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TRUTH GEM

[ é_éﬁce - WORKS EFFECTWE LY g

-

F\.@ﬁg of Gal ‘at"lﬁ ...when Jr\'\e,d"
SAW that the esrae,\ Sov the .
uv\c\rcuW\QLS&& Ha@ beewn QOMY\AFH_QQ
o me .. Sor Ne wWho... Worked
EFFECTWEL In me Howard the Benliles
oo When Jawmes Cephas, and Johw . .,

PEPCQ\\/&g the GRACE thgt had beon
%\\/e_\f\ o Me ..

B. H GRACE FUL PERSON (WJORKS EFFECTIVELY

C. ORACE: 60D's ABILITY GIFT To Live Alp
FUNCTION IMN THE GIETS AND CRLLINGS

D BREING IN Gobd's WiLL For TAKING THIS
COurRSE, THERE 1S GRACE (SUPERNATURA L

ABILITY To WoRK EFFECTIVELY ) FOR Nouy
To Do 50 WELL |T CAN RBE SEEN,




CTe- 1Y |
CTRUTH GEm

} I DOLATRY [

B.CoL. 3:5b ) ... PUT To DEATH Nour

MEMBERS WHICH ARE ON THE EARTH ; FORNCATION

UNCLEANNESS | PAsSION, EVIL DESIRE, AND
GO\IE’TEOLLSNEss)w\\\C\-\ \S 1DOLATRY .

B. IDOLS: PEOPLE WORSHIPPED MAGES oOF
THINGS THAT ARE MoTHING ([T ok LR
o+ W€ KNow THAT Av Dol 1 veTH e . . )

C. MaNY Peorc CoveT Tye IMAGE OF

BRE (VG EDUCATED, BUT THERE (5 Mo REALITY
MoTHN 6 o BACk UP THE IMAGE ’

D. SOME WANT TO WORK v groupPs AMD GET
A GRouP GRADE (WHEN IN TRUTH THEN Do NoT
KNow T | oR wWRYTe B PAPER onN FeeLves
AbouT MATH RATHER THAN Do MmATE . THEY
ARE CONTEMT W ITH THE GRADE, THE IMAGE
(THe (boL) EVEN THOUBH THeY Do MOT Kapd .

E. FROM{T SN G:a1D.,. KEEP JOURSELFE

FROM I1DoLSs, [ DESIRE To KNOW THE MATH

DESIRE To PE ABLE To 0BTECTWELY
DEMON STRATE THAT You &nvOowW. ]
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b i b e

{VD\SC[PLI/\)E

A

i s o

A.BTm 1:7) For GoO has nat guer
us 6o 5P>H‘.’t‘t— o‘% ‘hvvn@fhd) bt o3

power ol love awd DdisciPLive

B. The uﬂcglsca,bflhe@. l/\&u*e, Prob(ems
L;Jl_t\/\ V\/\aﬂ/\.

C. Re%ulaA ﬁ;té’-a(Qva | S‘tuﬁa (o wysﬁam)
P/\e,\/al\s) noX Aust a (olﬂ SZIMPNU
+re. mﬂki’ bC&z‘pre, +he test

D Nou wi\\ \nave o Ke/e,p re+chnj

lL‘QC_(S ’t_eij on CQI.SCL.’D{“/,{.Q, uvjtt YOkL
Pa ss g | |

E. For The Q\Ams‘('mQ\) DisCIPLINE 1S

o, fauit ot Lhat we are qiven
3 :

Gits wmiusT be received .
Gkt must be cultivated).
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e

A. PS1: BUT His DELicuT |8 IN THE LAW
OF . THE LORD AND IN Ris LAw RHE

mED]"-rA-res* PAY AND NIGHT .

¥ PONDERS BY TALKNG To HiMmse LT

B. WHAAT NYow ARE v THE WILL O0F Gob To
LEARN CAN BE MED.TATED .

C. PICR A DEFINITION, THEOREM , OR PROBLE
bERrR\WATION . 1

. CREW ON T Loord For LoRD SE€eEkv G
UNDERSTAD ING

R, SPEAK 1T 6UT S0 You cAw HEAR |T

3. WRI\TE 1T DowN OVER Axn OVER
4. REView |
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TRUTH GEM

-

MAGNLFY THE SoLuTion AMD MeT THE
PROBLEM

s ot o

A (PS 34! 37 OH |, MAGMIFY THE LorRD WITH ME
AND LET US EXALT NS NAME TOGETHER

B. FoCus ON WHAT Nou SEE€ |5 TRUE AMD
GooD AND CAv Be DoNv€E , Do THAT, THe

PROBLE M SHRIVKS . SEE SOMETHING ELSE
TWURT |4 TRUE AND GooD AND CAN BE DoMNE |

Do TRKT . THE .PRoBELEM SHRINKS, PRESS
ON DoNG TH(S UNTIL THE PRoBLEM 15 BoNE !

C.(PR 3:27) Do NOT WITHHoLD Goop Flom THOSE
o WHOM VT 1S DUE, WHEN |T |5 (M THE
PowER OF NoUR QAND To Db So.

D (TAMES Y- |9 THEREFORE o HIM WHo Knows

A

To Do Good AND Does NOT Do T, TO Him
T 15 SN .
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LLITI‘LE BY CLITTLE J

H.QEMT. 7:@ AND THE LORD Your GOD LU ILL
DRIve ouT THose NATONS REForEe YoU

LITTLE B\/ LUTTLE ] NOU WiLL BE OUNABLE

To pesTROY THem AT once  (Ex 23139 LesT

THE LAND BECOME DESOLATE AUDJ LEST THE
BEASTS ©F THE FIELD Becomc Too MUMEROWUS
FoR NouU .

B. LEARNING MATHEMATIcS 15 LIKE FPosSESSINE
NEW TERRITORY. . You musr bo T LtTTLC-

B‘t LITTLE AND GeT ESTABLISHED IA/
CuLTNATé PATROLNGUMARD THAT C;A(A/‘CD

W ISDoM\ KNow LEDBGE\N UNDERSTAMDING

C. T TRN To LEARN ALL AT OMCE | Noupr
MIND 15 STRETCLHED Too THIN (LAND BECOMES
DESOLATE ) YOW RRE UMABLE To PATROL\GUARD
AGAWST THe BEASTS OF THE FtéLD(CouFuStor\)
ATTEMPTS | LACK oF RemeMBcreA/uce FEAR
OF A t—\e&u OF QuesTiovs Comipvé AT \/Oq
ON  TEST)

O. DO NOT WALT UNTIL RIGHT BEFOR€ THE
TEST To TrRY To LEARN DAVS OoF WORK
WLSDoM: LITTLE BY LITTLE .
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t’f{i”{w—em FAST IN HoOMEWOR [g

e e e m At

. e,
P

e e m—.ﬂ,mw

A . L CoR IS: H@THeaeFo&e MY BELovep
B&GTHRE/\J BE STEADFAST, /MMOL/ABLE)

st s s

ALWLANS P\BOUND(NG IN THE WoRk oOF
THE LORD, Knowinweg THAT NourR LABOR

1S NOT IN VAIN IN THE LoRD

B BEING IV THE Wikl 0F God BY TAKING

THIS CODURSE MEANS You ARE Doing THE
LORD ... 8D0..,. BE ST
LWoRK OF THE ) w

. D:,smf\cr/ous LowER PRIRITY THmes

wict TRY o TAKG You AWAY FRonn
ALWAYS ABOONDING ™ (N STUBY .. BE seT.

—— e,

Do NOT be wb WotD FAST AnD STUDY,

D T BAVE SET THe Lorp ALW AYS

BE ForE ME s BECAUSE HE /S AT MY RIGHT
HAND __‘£ SHALL NoT BE Movgh .
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\ PRVWOR\TIZE (

A.(NER ¢:3) I pm Dowwe A GREAT WORK |

e CRSBEESRES

Sb THAT T CAMNoT ComE DowN . WHY SHoulb
THE WoRK CEASE WHILE T LEAVE [T AND
Go Dowpn To Yo ?

B HAve Gob's PRIDR\TIcs FoR VYour ((FE
CLEAR DECKDE’D) SET, ESTABLISHEDL .. A
DWINE ORDER. WHEN SOMETHING COMES WP
For N DECLSLOM) DISCERN WHAT CATEGORY
T 16 IN AMD THE Decision HAS ALREADY
BEEMN MmAbE, ,

C. Bewe (M God's WiLL FoR TAKING THILS
CoUuRSE MEANMS THIS CouRrsSE IS A HiéH
FRLORL'[\[) So REGULAR  MNON DISTRACTED
STudY Time (5 A Hied PRLOR(TY | SoO..,
Do NvoT LEAUVE IT AND GO DOWN To
Do A LESSER FPRIOR|TY .



TGE-A|
TRUTH GEmMm

foveriwmg j

A.(I 3IN 50y Fok WHATEVER 1S BoRN OF 60D

OVERCOMES THE WORLD , AND TRIS IS5 THE
-\;L(/TOQ‘)‘ THAT HAS OVERCOME THE WORLD—
OUR FA(TH,

B. BEinve IN THE WILL OF 60D Fon TAKING THS
COLLRSE AND HEMNCE Done A GREAT wo/ez( Yow
wice BE come RBAINST TO TRN To SToP

HIMDER ) 6 R HARPSS The wWorkg oF REéC(LA/Q
STUPY — OVeRComE | T WITH SUPERNATURAL
HELP

C . LWITH A BoLD, MONTIMID, STRoy e AND
COURAGEOUS INMER. MAN —SAY NO  AMND
RESIST AND OUVERCOME THe OPPOS | TiON

D . co. TRAT HE WoWLD GRANT \/ou

RACCORDING TO THE RICHES OF His GLoRy To Be
STRENGTHENED WITH MIEHT THRouGH Hcs
SPuatT IN THE \NMER MAN
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Loectsuws VS. OTSGwFIADﬂ

- (& Hi2eb) . NEVERTHELE—SS NOT GIHAT

T wtu,)\&u‘r WHAT oUW WLl .

B WHEN WHAT 1S CALLED A DECISION IS
PRESENMVNTED TTO NOU CLlKG To START STUDYING
ON Do SOMETH(NG ELSE - OR - TO KEEP STUDNING

LONGER OR STDP ), WHAT LS THE BASIS

FoR Nour DECISIDN ? .. NOUR Owp woezsmumu@
NYoup PLEAsu./e.ss ?

C‘ TRUST I THE LORD Ww(TH ALl Your

IAEART AMD LEAN NOT OV YoUR OWN UMDER -
STANDING ; IN ALL NOUR WAYS ACKNOWLEDGE
B AND vke SHALL DIRECT Your PATHS

—————

D. INSTEAD ©F DecisioN TIME ITS
OTSCWFIADT Time - OPPorTUN(TY

To Seex _GOD'S _(k_)“-t, Fivp ITJ_{_\_ND
Do 1T,
F (PreT oF m@ ... SEEE AND You

Wikl FIND ...
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DAVID AND GOLIATH

/ PART
0 BEFORE GOLIATH'S DEFEAT ° @MUEL@
.e. THEY WERE DISMAVED AND GREATLY AFRAID

v A ————

B PROPER BATTLE ATTITuoe < (T SAM. [7: 485

v0o DAUVID HURRIED AND RAN TOWARD THE
ARMY TO MEET THE PHILISTING .

C. RFTER GoLiaTH'S DEFEAT - (T sAM. 17:5(b

e ANO WHEN THE PHILISTINES SAW THAT
THEIR CHAMPON WAS DEAD THEN FLED.

D TRE LOSS OF ONE SoLDIER IN THE PHILISTINE
ARMNY CARUseD A MAJOR REUVERSAL - FRON TAUNTING
To FLEEING .,. A REASON:YOU DEFEAT AN ENEMYS
MDST POWERFUL. LWEAPON , THE IR STRENGTH 15 GONE*-
WHAT THEY TRUSTED IN WAS GoNEY THEY FLEC

. BY Now Yow W€ HAD VICTORY ouvER SOME DF THE
MmosT POWERFuUL PRDBLEMS [N THE COURSE , SOME OF
INTIMIDATIONS STRONGEST WEAPONS — FEAR OF
HARD MmATH PROBLEMS AND PAST EXPERIENCE OF
DIFF(CULTY (oTH HARD MATH PROBLEMS | HAS BEeN
OveRcoOME . THIS ENEMY IS FLEEING .., PURSUE
ov. PLUMDER coiTH COMTINUED Dtscmuue& % CLARITY

F. PARTS 0;@17 53, 5j Now THE MEMN OF TSpAEL
AND JUDAR ,,, PURSUED » «+ AND THEY PLUNMDERED
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TRUTR GE AA

)

ro\l IN RESPONS (BILITY

a. His LORD SPAID TO HIN\ " WELL Do;ve/

Goop AND FAITHFUL SERVANT © \loLL WERE
FAITAFUL OVER A FEW THINGS ‘.E Wikl MAKE
Nou RULER OVER MANY TH(NGS . ENTER |\JTD
TRE J0Y OF NoUuR LoRD ,

B . IT TRKES RESPONSIBILITY To BE Goob (N
MATH ,

C. RESSPOUS(B!MTY IS A Goop WORD

D. WHEN God PRoMOTES Yow AFTER LoOoNG
FAITHEUL SERVICE To MoRE RESPONSIBILITY
Gop 1% JOoYFUL RT HAVING SOMEONE Goop
AND FAITHFUL OVER WHAT GoD CARES VERY
Mmuct FoR .

[. WE RRE TO EMNTER WMTD His JoY

2. 1T IS COMNMANDED.

3. 60D MAKES Nou RULER | S0 THRoUGH
HIM Mol ARE ABLE .

E. MANY OF You HRAVE BEEN Goos AND I—‘AlTHFuL
STUDENTS FOR YEARS § NOU HAVE BEcN
PROMOTED To THIS CLAss 5 ENTER w7o His goy,

THIS CLASS 15 ALlSo A PRovwé GROUND
FOR FuURTHER FPRomoTionN BY &oD.
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| ]How SPIRIT BAPTISM IMPLIES BOLDNGSJ

A (ACTs 4+31b) ... THEY WeRE ALL Flucep

wiTH THE HolY SPIRIT AND SPoke THe
Worpd OF GOO UJlTH‘BOVLDNéss

B Rechee (PR ABIIBL) ., THE RIGHTEous Arc

As BoLD AS A Lion .

C. You NEED GREAT Boldwess To (WoRK
some MATH PROBLEMS |

RIGHTEOUS N E 82 _BotbnESS t+ Howy sPIpIT
POWER BOLDIESS = SOLVED PRUBLEMS
(N TH(S CouRrseE.

D Jesus ToLbL His DisciPLeES To WAIT
UNTIL THE RECEWED PoWER FRoM oM
HieH UNTIL THEY WENT OUT TO W (TNVESS

E. WHATEVER WE Do N H(S wiLl TH/S
BOLDNESS 1S AVAILABLE .

F.(LEN=(35) ... Hoto mucH moRE wiLL

YouR HEAVENMLY FATHER BVE THE HoLy
SPIRIT TTo THOSE WHo Ask Him

l
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PUNIPYRPUSTINL YU P TR s TR B RIBLAME AT T £ M P T e W Y P AT ST A S0 D ST e a7 4 T e e s i o i 1

ForR EVERY PRoBLEM , THERE IS f
PROBLEM OBLITERATING REVE LAT/HON
THAT OBLITERATES THE PROGLEM \

PR

A @5{5—;’@ AS HE JOURNENED HE CAME NEAR
DAMASCUS, AMD SUDLDENLY A LIGHT SHowE
ARpund Himt FRom HEAVEAM. .. (GAL (223D HE
LoHD FORMERLY PERSECUTED WS Mow PREACHES
THE FATH Hictl HE ONCE TRIED To DESTRoY

B. PauL. HAD A GREAT PROBLEM . HE WANTED
CHRISTIANS TA(LED, EVEN HAD A PART IM A
STOMING , HE GoTr A REVELAT/ON , THAT
PROBLEM (WAS ©OBLITERATED.

PR

C. For €veRY PRogLem A PERSON HAS,
THERE /5 A PRomise OF GoD THAT

OBLITERATES THE PRoBLEM.

D@Péﬁ@ BY WHICH WRVE BEENMN GIVEN
To US EXCEEDWMELY GREAT AMD PREC(oUS

PROMLS&S)THAT THRoueH THESE You MAY
RE PARTAKERS OF THE DIVINE A/A‘m/ae)
HAVING ESCAPED THE CORRUPT/ON THAT
1§ IN THE GIORLD THROUGH [UST.
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et e reemmereae]

LEP\RM FRDN\ THE CLEAR
CLEARLY DD

P\MD AS THE LORD CoMMAND s

Moses His SERVANT, S0 MOSES CoMmMANDE ]
TosHun , AND So 105\-\%{\ DID.

B. WHEN H\RED , THE FIRST THWNG Dowe USUALLY IS
TRw‘\(NINé

C. THERE 5 A MAJoR NEED FoR PEOPLE To BE
TAUGHT CLEARLY FRom THose wHo s€€ CLEARLY

AND FoR THE TAUGHT ONES To FAITH FULLY
Do 1T N TUNE AND IN Focus .

D.(Rom 12:1000) Love does No HARM ...

'C\‘\P\RN\ GENERAMLLY CoOMES FROM NoT Doivg
A JoB WELL, THE WAY You HAVE BEEN TRA[NGO)

t. LIYE (5 NoT ALL SUBTECTIVE WorD FROBLEMS,

Much OF IT 15 LEARNING FRom THesE wito
SEE CLEARLY AND Doinve (T.

F. SEEEL 14 CLEAR oONES Ann LEAR
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{QHL‘—'NG & DESTINVNY g

raav

A , oy ‘“\Q, e,cﬁe_s 0% %Our uw&&rg\m\gwﬂ

QJHh%\'\'ﬁQV\Q At\/\le Nou W\OLQ KV\OuJ UJ(;\C{T
13 'Hr\e. \f\op& (l.e.&eﬁt‘wﬂ oQ His Ca(ltﬂg

B-(ja‘k\g\‘”‘“(’)—r\f\@ C_Ci&x_g_vj s the 9_‘5_&5_@ ‘
The &es+tnj s to be Sudfilled Yued o{gtcfz.
Gra |4 +\We provisiow to S;“-Q;l“ ND «n |
@‘0 oW ownf \3«3 \oemﬂ e your (alﬁmf

C. ExXAamPLE Pw;:\ QQ MY ca.,u\v\:‘ s T be

A Mcj\'\ “l’e«(.&/\o.r' . Pai:\ o4 W\U] &%&M
£ to Y make ' plaw” | Swwee T have
Avsweadd the call - thexe 18 e —+

Sl T

S i lon exawmgle t cudf = Colleqe sTullent
Cg“-ld-”\‘a - x:y\’\aaéﬂ %raﬂe =y
D Nou can answer the cetd aunf nr
?U\Q%ULQ Yo uA &esfmb CJMLS(M%)

E@ T Press Tward The ﬁoaﬁ
S the Pnize_ (&kalm) ok the U.fuuM@

Caﬂ 0’( 620 W Clwmsl Jesus
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] ESTABuSHEDA \

A ?m@ But ™ ay the God of
al\ c\ram_e, who called Us 1 His

€,+ u'-y\a,Q [Dr b'j CIM'@( Jesus .
Q‘Ci':;.r o:a Whave sutSered a u}ﬁ:[ﬂ’,)

per{ec:t‘) ESTABLISH\ s'f/\e,u\{[\,\o.\/\’
and settle You.

B . E<tablisk - brought who i econt royert bl

e X/ <5€Q nee

C. Be edabftskexg LA gV\QH\q -(-h'i‘(f’ well

| semesfors — You Nave g evnt A semesle .~

3. pnoyecds TR MLl umusTamgyne .
3. YPY\OOS}[' %ﬁfo Make\ redeem Yﬂﬁ‘
D. We OAqA\\T'O\Af-‘\/\ So MLLCQ\ _E-Q 7@_’(’ ‘7%
the end ~the ﬁoai - Do nél Jose T Fhero
(Do net throw asaw a [eter @d',,\a&gl <t
"i'o leave a 2oy V\M.V\u.tQS ew 9) /tow.
T Tt semesli = vou cal g & it

eXgams ()

E LA In %) Look o Yourselves CThad we
do n ose Those "‘H\m?s A we e o red)
Sor, budt Hiat we W\ch Fecetve a f.qy
Freward .




) RE STRONG Aup OF 60ad COURAGE X%ﬂ

A u.,gb&_ s&r\m& anl) o} C«(eoé) Counaqe ‘@

. There are Fhings thad some viewd as
\}Q_w Nl o &Q\M Lo VW Gof Muwj
,UJ‘AQ\A. Qo ) et Cown Ao ) bt You hae % be.

STeONG fND  oF G 00D coa/aﬁééf

/—

C. \‘ULL &E) r\,s,ﬁ: lgok dﬁ ‘-\’\@‘ @PP@ } b
L)egu/\ )&DN\\(j HA-LEQ/{I; tq Can 5

Y’e\w@mx oN wheat Neu WA Y
9{ 608 .
D. whek 15 o wey to ¢et HAnngth &
QQU.A,CL%,Q? You Can be commandd o
have & N
So T Command you: BE STRONG AND

oF (Soop C'/OU/&Aéé!

NeT  DIS-CowRACED
BuT BN - (FURAEED
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%“gus*r AS " TEACHING\LE ARNING

| =
% gij f%,gj} Egﬁ THE ANOINTING WHIcH You

HAVE RE CEWED FRoM HWiM ABIDES IN You
AND YDU Do NOT NEED THAT ANYONE TEAC(
Nou 5 BUT RS THE SAME ANDINTING

TEACKES You & CONCERNING ALL THINGS , AMD
S TRUE | AND IS NOT A LLE, AND 3@5@» ,%g

IT WAS ngﬁ Yo, You g}a%iw ABIDE [N IN Esgfg%@

B. AS (AT THE T/ME’) You ARE TAUGHT

SomETHING 00D, You [MMEDIATELY DO

T Tust As (IN Like MANNER) TO THE

whY Yol "WERE TAUGHT . You Wil ARIDE

( DWELL) IN TRE FLow OF THE TEACHER

(¢ To DELAY bowe Homewoﬁk OR 7O
ATTEMPT DolvG T DIFFERENTLY THAN
TAUGHT CAN KEEP Now FrRom ABIDIMG
IN THE CouRSE Frow AMD TRUTH
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TRUTH GEM
WHAT A TEST TESTS

A @EUIJR\’;) AND Yo SHALL REMEMBER THAT
THE LORD Your Gap LED You RALL THE WAY THESE
FORTY NEARS (N THE WILDERNESS  TO Humaire
You AND TEST Vou 0 Kiow DJH—AT WAS LN \/oqr{

HENRT | WHETHER YO Wodld IKEEP His
Co MMAND MENTS  OR NOT,

R. sOmME ConvsineR A TEST A BRAIN DumP To REyeAc
WHAT WAS IN Your BRAW AT THE TIME, BuT Fr
THOSE WHo HAVE EVYES To SEE A TEST Revequ
WHRT 15 v THE HEART | A TesT L. PREVEAL
1. A HEART THAT

IS 0N FIRE To BE ESTABLISHED IV W 4T
IS IN THE WwiLL oF Gap To BE LEARNED
OR.
2. A HEART THKRT VS RE6ULARLY ONFAITHEUL
IV STUDYING WISELY, ONLY  SPURTS RIGHT
REFoORE A TES'l"

C. HEARTS CAM QuaNGs e, (Ps 5(:(0) CREATE
N ME A CLEAWV WEART, © GO..,D) MID RENELD
D STEADFAST SPRIT WITHIN ME |



TG~
TRUTH GEM
USE Your IRREVOCARLE GIFT

A @PE‘T %@ AS EACH ONE HAS RecCE(veDd A

GLET  MISTER LT TO ONE RAMNOTHER AS Good
<TCL ARDS OF THE MANLFOLD GRACE OF GOO

Rom 11za7) For THE GLFTS AWD CALUNG OF Goo
ARE IRREV OCABLE

B .

C. EACH 0F US HAS AN IRREVOCABLE GIFT

[ T 15 To BE LsEd To HELP (s AMD OTHEA

2. IT IS _IRREVOCABLE 50 THAT Vou CAw

HAUE GREAT CONEWENCE AT TIME 0F
NEED ,TTHE OFT WilL BE THERE TD BrEss

D. LWIKEN Yo DIisCcERN YOYUR CALLINEG AMD

GIFTS

. Honok THE CALL AND GLFTS — Don'T DESIRE
SOME OTHER .

2. USE EACH GIFT BY GRACE To RULFILL
THE CALL

E. BEWG (N THE WiILL oF 60D  Fop peiwg Here

Be >URE THERE /S A GET You HAUE THAT
Gop witt GRACE FoR VYou To USE TTO

SuCcEED (HITH ToY |
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ON E (
NOT = DIS-INTEGRATE O

ﬂ,@‘r\ess 5723 ) Now maY THE QoD oF PEACE
HIMSELE SANCTIEY Nou COMPLETELY | AND MAY
NouRr W HOLE SPLRCT\ Soul , AMD Booy BE .

PRESERUED DLAMELESS AT THE Comwe oF
OUR LorRp TJTeSus CHRIST.

3-",.1 THE FIRST OF ALL THE COMMANDMET

/S HEAR ,0 TSRkeL, THE LORD OUR GOD, THE (LORD
{5 ONE |

C. Nou ARE ONE wHenw out of Love OF Goo
Mow FecCus SPIRIT | Soucl | AUb BoDY oy THE
GOD - LED TASK AT HAMD . .. THS CLAsS, v THIS
CoURSE, NOW

NoT Boty HERE AND MIND C[sSauticrc

NoT Body AND MIND HERE | BUT

HEART NIT (M (T L DI~ (NTESRATE
NUT ABSEMT I~ THE BodY BuUT

WITH US (M SPRIT

D. DESILE AND ADMIRE PREW 6 ONE,
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TRUTH GeEM

'éTR@MG)HDLD OF RVGHTEDUSNESS
IN YOUR MinD

R _@TCDR l@ FOR THE WEAPONS OF OUR WHRFARE
ARE NOT C,-HRI\/AL,.J BUT MLIGHTY IN GDD FoR PULLING
DownN STRONGHoLDS  CASTING DowN ARGUMENTS AND
EVERY HigHh THine THAT EXALTS ITSELF A6 A(NST
THE KNoWLEDEE OF Gop | BRINGING EVERY THoueHT
INTO CAPTIWVITY TO THE OBED|CNCE OF Cﬁfalﬁ“t")

R e T O—

B (2 Cor Sj_f’;D FOR HE MADE HiM WHD KVEW o oAy

To Be s(v For wsS  THAT WE MIGRT BECome
THE RIGHTEOUSNESS OF Gop [~ HIM

C . SomeE HAVE STRONGHOLDS [N THEIR. MIMD
THRAT THEY ARE MATH FALILURES, RESPONSIBILITY
FA{LLAEES) A MISTAKE | A soc|nl RESEcT,.. ETC.
WREN A CHALLENGE COMES UP THEIR MIND
REPLANS THAT THPE STRONG LY THEN NieLDd To
TRRT AND BRE Boumd = VET THOSE [MAGES S
THE MIMND ExALT THEMSELVES RGAINTS THE
KNOUWILEDEE OF @0D THAT CHRISTIANMNS ARE THE
RieHTEOUSNESS OF Gop IN CHRIST TEsuUY
NEW CREATIONS, oLD THINGS HAve Pﬁssﬁa)/%wﬁ\{)

S iR R

ALL THINGS HAVE BECome NEW 7 cop S.‘l'D

D. CAST Dowpr THE OLD IMAGES I IV A
CHALLENGE HAVE Nouk MIND DTRONG LY

REPLM NG THE BoeD, Rlet TEOUS | OVERCOM W&
MATURE Now HAUE BEEA papne |
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o
Aot

LNEC ESSITY OF UNDERSTA NO(NG\]

B (T 13:(9) WHEN ANYONE HEARS THE Word OF
THE Kinebom AND DOES NOT UMDERSTAND F‘(‘}
THEN THE UILCKED ONE Comes Awvp

SNATCHES AWAY WHAT WAS SowN IN Hi(y
HEART . . -

L To KEeP PATH OF LLIFE KNOoWLEDGE
FRom BEING SNATRED AWAY, GET
UNMDERSTAND(NG OF THAT KNowLE0D6C BY

|. PRANING FOR W SoaM "
2. DOING THE Homewor(
—_— - .
[5(Sanes 175224 BUT BE 00€RS of
THE LIORD AND NeT H@A/&G&S onlY . For IK

ANYONE (s A WEARER 0% THE WORD ANV NGT
A DoER HE s LikE A MAN OBSERVIVG s
N KIURAL FACE M A MIRROR o FOA He&

0 BSERVES HIMSELL G0€S AwAT | AND
MM ED (ATELY ToRGETS WHAT KinvD

OF MAN HE WAS
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TQuTH GEM

Pr‘%orgmwr THE P/acczcu_g

A HEART THKT DESIRES TO STUDY
| "RIGHT TH/NC,.S

o e L

AL(PR N ﬁ KEEP YouR HEART WITH ALL
DlL\éér\)CE) FoR OUT O©F LT SERING THE
|SSUES OF LIFE.

B BENG WV TtHE WILL OF GoD For TAKING
THI(S CLASS | THAT DESIRE To LEARM
EXCELLENTIY -BY FLOWING M STUOYING
GRACE 1S A PRECIOUS NATURE OF Yoyr
HEART 5 GUARD T KEEP [T,

C. IN FUTURE TRUTH GEMs WE W(LL
LEARN WANS TO PROTECT NouR HEeEART's
DESIRE To Be CEMUINE | STUDY RI6HT THwES

AND Excel. , IT IS p, START To Know
IT 1S PRECOUS AND CAN Be KepT.

T T

D @ SNSHIEDY L., BuT He WHo HAS BEEA
BoRN OF GOD KEEPS HIMSELE AMND THe
WICKED ONE Does NOT ToucH Him .

R o pn
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TRMTH GEN\

PQ@TEC{ ING THE PReccms A HCAM THAT

DESIRES TO STUDY RIGHT THwos (PART 2)
FEED Your HEART THE RIGHT TEACH(MGS

B, AEB 1229 ) Do NOT BE CARRIED AROUT BY
VAR IOUS AND STRANGE DOCTRIMES. For 1T

1S Goop THAT THE HEART BE ESTABLLISHESD
BY GRRACE, NOT WITH FoobS LHicH HAVE
NoT PRDFL“[EQ THosE WHo HAVE BEEN

CDCC UpPLED UJt'W\ THEM .

,,,,,

B TEACWNGS ARE F000 For THE HEART,
WE RARE To A CERTAIN EXTEMNT WALKING
TEACHIMVGS

C. Yo KEEP A PRECIOUS DILIGBMNT HEART
FEed (T THE RIGHT Foops (1€, TéACH(Nij)

GRACE, RIGHTEOUSMESS, STEAD FASTMESS

D. Do NoT LET YouR HEART EAT Juvk
Foop CDECEPTWE ONMNPROFITABLE TEACHMég)

MWWW oo

E (PR 4 g”\“) KEEP VYour HEART WITH ALL

DILIGENCE ; FOR ouT DF IT SPRING THE
|ssuEes 0F LIFE.
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TRUTH GEM
HIGHER NATURE EDucATION

A . (Sonn 2:23) AVD HE (Tesus) SAD To THEM, " Mou #Re

FRom Bewent; I AM FRom ABove | You ARE OF THIS
WOoRLD ¢ T AM NOT OF THIS WorLp,

B. SEsus WAS NOT SPEAK(NG ABROUT DIRECTIONALLY
UP OR DoWN, BUT AbouT MATURES

C. MANY EODUCATIOMAL IDEAS COME FRom THE
REALM oF MAN'S Wisbom AND APPEAL TO
THE LoweEr MATURE ( Excuses, wHY You

CAN'T LEARN | DEAMING DTHERS , LowWEeRED
EXPecTATIONS )

DO. TRUE RL6HER EDUWCATION pppeacs 1
THE WlEHEe NATURE WAYS OF THE MOST HigH
( FATHEFUL MESS PLLLGENCE, CIISDOM, No EXcuses
Success, ULeTORY, OVERCOMING, CoukﬂéE/

CHALLENGE | DominvipN oF MATERIA L To BE
LEKRNED | L 1tsDOM IN STulY HAAFI‘S)

J
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TRUTH GEM

' ) !
Love 15 NOT PROVOKED |

e

. (PART OF T Cor 1315 ) (Love)... (s NOT
PROVOKE D .

B. T USED To THINK THAT JusT MEANT
Do NeT LET PEOPLE PROVOKE YOY. ONE
DAY AFTER GETT(NG PROoVOKED AT A

s

CDMPUTER)I SAW LOVE |5 NOT To GET
PRoVoked PERIOD .
C LOVE Is AN INNER STATE 0F BEING THAT

'CANNOT BE PROVOKED BY PEOPLE, TH(NGS,
CIRCUMSTANCES ... ANYTHING - |

D. Do NOT GET FTRUSTRATED BY ONE Ho MEwo g
PROBLEM Nou WAUE MOT BEEN ABLE To
WORK NET, Do MOT LET THAT RoB You of
WORKING MANY OTHERS ., Do MoT LET T RopR
NOW oF JoN OF VICTORY OVER oTHER
PRoBLEM

E. THERE ARE NO VICTORIES WITHouT BATTLES.
Do NOT GET FRUSTRATED OVER A PROBLEM,
T 15 #f VicToRY N THE MAKING .



TG -4 |
GRACE-BOoSTED CRRRYING YOUR 6WN Loap
VS,

PARA LY 2D DEPENDENCLE

—_—

A (3N 5:7-8 Parts )SIR, T HAVE No oNE TO PUT ME

IN THE POOL see JEsus SAID To Him, RISE TRkE
UP YouR BED AND WALK.

R (K. HAGIN) SOME CoNSIDER THEMSELVES HELPLESS
DEPENDENT 6N OTHER PEOPLE AND DD NoT REALLZE
THERE 15 TRANSFORMATIDNAL WORD TRAT CAN
TRANSFORM THEM TO WHERE THEY cAN Do IT .
THeY THINK THEY CANNOT LEARN W IiTHOWT AN INDIVIDUAL

~ TUToR O6R. GRoOUP WORK., LUWHAT 15 NEEDED |5 To HEAR,

RELIEVE AND Follow THE RIGHT WISDoM WORD
AND EMPOWERED RY GRACE THEY Do VT THEMSELF

¢ (BAL.652,5) BEAR ONE ANOTHER'S BURDEWS...
EACH onvE SHALL BeEAR WK own LoAD.

GWE THE RIGHT wispom WwokRD THAT FREES
oF HARMING DEPENDENCE, WHEN Youw ARE TO
Do (T GRACE BpoSTED, NOT DEPENDENT O
OTHERS |

THEN THERE /s woRK Nou ARE MADE To Do

AS A Source, MoT A DRAIN ; Do IT

HELPING OTHERS
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GDD - PACED LLEARNIWVG
e | o
NOT SELF-PACED LEARNING

(m«%n ié;LﬂIF ANYONE DES (Rgs To ComE AFTER
ME. LET Him DEMY HzMﬁELE‘, AND TRAKE uf
His CRoss AND Follow ME

-~

B. SELF wWitt waANT To SToP AND HAVE Prezd

T

RPN

For SELF-ESTEEM

C .'.SEL..F -L/J\(L,L, DEcCc E(\ve '!‘TsEL__F Du,é To QenGeER

N ONE STUDY THE u,é:. CAME [~ LAST
(N MATH SCORES | BUT FIRST (N How THEY
FELCT ABouT MATH |

D. HunsER To BE GoD— ESTECMED

- PowlERED BY GRACE

Gop ~PACED EM

P ol
peems et
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